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PREFACE

The problems in this book were selected from the written
preliminary examinations given' at the University of California at
Berkeley from 1959 to 1961, They were developed by faculty
members of the Physics Départment at Berkeley who served on the
successive prelimidary examinations committees during the past
nine years. The examinations are given twice a year. All entering
graduate students are required to take this two-day comprehensive
examination covering the subject matters of those undergraduate
courses that deal with the fields of Mechanics, Electricity and
Magnetism, Optics, Heat and Atomic Physics. The examination is
divided into four subsections, each three hours in length. 1\;0 notes,
tables or other references are to be used, Since these problems
were submitted for publication, one major change has been
instituted: a slightly more advanced knowledge of quantum mechanics
is now required,

This examination serves two purposes, It is a placement test
to see whether entering students need additional study in certain

vii



Preface viit

areas of undergraduate physics, and it is used as a qualification test
for advanced degrees. Students who perform successfully proceed
directly to the oral prelim}nary examination, Students are allowed
three chances to pass the written examination: once as a placement
test and twice, if fecessary, as a test of their qualification for
advanced degrees. Failure to pass the preliminary examination on
the second attempt would disqualify a student from the Ph, D,
program at the University of California, Berkeley.

The selected problems are put in subsections similar to the
original form of the preliminary examinations. Each problem is
marked by a certain weight (points) and the total points in each
subsection add up to one hundred points., One should take no more
than three hours to finish each subsection. To use this book most
advantageously, readers should first try to solve these problems by
themselves without referring to the solutions nor to any other books.

We think that prospective students at Berkeley and elsewhere
might like a collection of the problems given, with their solutions.
Such a collection could help materially in their preparation for the
test and more broadly in gauging their proficiency. Study with a
friend or two, and related ""bull sessions'" might be an amusing way
of preparing.

In the appendix, we have added a list of books containing the
basic information the student will need to fill any deficiency in his
preparation. Often, however, the text one has studied is the best
source of information,

The solutions were prepared by the author and reviewed by
Drs. C. Fong, R. Kunselman, K. Wang, C. F. Chan, and
Chin-fu-Tsang. Although they were carefully prepared and checked
by the reviewers, errors are still inevitable, Comments are
extremely welcome by the author. The Physics Department of the
University of California at Berkeley takes no responsibility for their

correctness,
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The author is very grateful to Professor Emilio Segr?® for his
encouragement and valuable advice, He would also like to thank the
reviewers for their faithful work and numerous suggestions and
especially Suzanne, for her patient preparation of the manuscript.

MIN CHEN



MECHANICS PROBLEMS

(I-1) (15 points) A particle of mass- m
elastically with a particle of mass m

1 momentum Pl' collides
9 which is initially at rest.
Calculate the maximum possible momentum in the laboratory system

of particle m, after th= collision. (Use relativistically correct

2
formulas,) Apply,K Ir result to the case of a proton having a

momentum equal to its rest energy/c colliding with an electron at
rest., Give a numerical value for the maximum momentum of the

electron after the collision in MeV/c.

(I-2) (15 points) A uniform thin rod of length L, mass m, is lying
on the usual smooth horizontal table, A horizontal impulse, ﬁ. is
suddenly applied perpendicular to the rod at one end.
(a) How far does the rod travel during the time it takes to make
one complete revolution?
(b) What are the translational, rotational: and total kinetie
energies of the rod after the impulse ?
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(I-3) (15 points) A uniform bar of length L. and mass m is
supported at its ends by identical springs with elastic constant k.
Motion is initiated by depressing one end by a small distance a and
releasing it from rest. Solve the problem of the motion, identifying
normal modes and frequencies., Make a sketch indicating the normal

modes,
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(I-4) (10 points) Consider a real N x N matrix A, If A is
symmetric, Aij = Aji' prove that all its eigenvalues are real, If A
is not symmetric, prove that any nonreal eigenvalues must occur in

complex-conjugate pairs.

(1-5) (15 points) A body of mass m is dropped from rest from a
height h at latitude 45° in the northern hemisphere (h << radius of
earth), Where will it land relative to a plumb b?b sus;;ended from the
point of release? Be sure to state both the magnitude and direction of

the displacement.

(I-68) (15 points) A flexible string of length 1., is stretched with
tension T between fixed supports. Its mass per unit length is p,

so that its total mass is M = pL.. The string is set into vibration with
a hammer blow which impulsively imparts a transverse velocity Yo
to a small segment of length a at the center, Evaluate the
amplitudes of the lowest three harmonics excited,
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(1-7 ‘ 6 points) For a solid body moving through the air at a very high
velocilv V (faster than the kinetic velocity of the air molecules),
show g-!t the drag force is proportional to AV2 where A is the

frontaj irea of the body.

(I-8) (5 points) What would be the length of one day if the earth spun
so fast shat bodies floated at the equator ?

(I-9) (5 points) Define cyclic coordinate. Why is it useful in solving

~roblems ?

(I1-1) (10 points)

(a) (5 points) Show that the only possible real eigenvalue of a
skew Hermitian matrix (i.e., At - -A) is zero.
2
(b) (5 points) Evaluate f sinzx dx using the method of
x

residues,

(11-2) (15 points)
(a) (10 points) How much energy would have to be supplied to
break up the earth completely (i.e., remove all mass to &)?
(b) (5 points) If the earth were then reassembled rapidly (i.e.,
so fast that no energy is radiated away), would it melt? Justify

your answer,

(11-3) (30 points)
(a) (20 points) A rigid rod of length a and mass m is
suspended by equal massless threads of length L fastened by A
its ends. While hanging at rest, it receives a smail impulse P
at one end in a direction perpendicular to the rod and to the
thread. Calculate the normal frequencies and the amplitudes of
the associated normal modes in the subsequent motion.
(b) (10 points) If the rod is hanging at rest and suddenly one of
the strings is cut, what is the tension in the other string
immediately thereafter?
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(II-4) (25 points) A particle of mass m moves under the action ot
central force whose potential is V(r) = Krd K> 0).
(a) (10 points) For what energy and angular momentum will tt
orbit be a circle of radius a about the origin?
(b) (5 points) What is the period of this circular motion?
(c) (10 points) If the particle is slightly disturbed from this
circular motion, what will be the period of small radial

oscillations about r = a?

(1I-5) (20 points) It has been suggested that monoenergetic photon
beams of high energy can be obtained by scattering laser beams from
energetic electrons produced in electron accelerators. Derive a
formula for the maximum energy of the scattered photons in terms of
the energy of the laser photons and the energy of the electrons in the
beam, Make a numerical estimate for the case of a Ruby laser team
which is scattered from the 20 GeV electrons available at the

Stanford Linear Accelerator,

(III-1) (15 points) A marble of mass M and radius a rolls without
slipping on an inclined plane making an angle § with the horizontal.
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Calculate the acceleration of the center of the marble.
If the marble is started with initial velocity Yo directly up
inclined plane, how long will it be before the marble returns

ts starting point?

5 points) An unstable particle of rest energy 1000 MeV
unto a p-meson (mOc2 = 100 MeV) and a neutrino with a mean
when at rest, of 10.8 sec,
(a) Calculate the mean decay distance when the particle has a

momentum of 1000 MeV/c,
(b) What is the energy of the u-meson if it is emitted at an

angle 15° ?

(I1I-3) (15 points) Consider two rigid rods of length Ll and L2 and
masses M1 and M2 fixed to a horizontal massless rod with torsion
constant K which is free to rotate about its longitudinal axis only.
The massless rod is supported at both ends, and the system hangs
under the influence of gravity. Write the Lagrangian for the system

(define your variables) and find the equation of motion,

N\ N

M,
M,

(I11-4) (25 points) A particle is placed on a rough ;_!lane inclined at the
angle 9, where tan g =y = coefficient of friction (both static and
dynamic)., A string attached to the particle passes through a small
hole in the plane, The string is pulled so slowly that you may
consider the particle to be in static equilibrium at all times. Find the

path of the particle on the inclined plane,
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(I11-5) (15 points) A bar of mass M and length L is free to move in

a vertical plane, as shown below:

If the bar starts from rest at an angle of 30° above the horizontal,
calculate the force on the pivot when it swings through the horizontal

direction.

(I111-6) (15 points) A moving proton collides with another proton which
is initially at'rest. Calculate the minimum kinetic energy that the

moving proton must have in order to make possible the reaction

P+P=p+p+p+p

The antiproton (;) has the same mass as the proton, Express your
result‘ as the ratio of the kinetic energy to the rest energy of the
proton, What is the approximate numerical value for the kinetic
energy in MeV ?

(Iv-1) (15 points) Assume that the tidal waves on the earth are
caused by the sun only.
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(a) Where does the energy dissipated in the tides come from,
and what is the maximum energy available ?
(b) How is the total angular momentum of the system

conserved?

(IV-2) (5 points) The life time of the y-meson is 2 x 10-6 sec, A
beam of u-mesons emerges from a cyclotron with velocity 0. 8c,
where c = velocity of light, What would be the mean life of the

p-mesons in this beam as observed in the laboratory ?

(Iv-3) (5 points) In the figure, a pul\ley of negligible weight is
suspended by a spring balance., Weights of 1 kg and 5 kg,
respectively, are attached to opposite ends of a string passing over
the pulley and move with acceleration because of gravity. During

Spring balance

Skg kg

their motion, will the spring balance read a weight of 6 kg, less than
6 kg, or more than 6 kg?

(IV-4) (5 points) A bullet is fired from a rifle. If the rifle were
allowed to recoil freely (i.e., without being restz:;.lned by a pergon's
shoulder) its kinetic energy as a result of recoil would be (equal-to)
(less than) (greater than) that of the bullet, '

(Iv-5) (5 points) The shaded area {n the figure represents an
L-shaped uniform plate. What are the x and y coordinates of its
center of mass?
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y

x= y-=

(IV-6) (5 points) An ice cube is placed in a glass of water at 0°C,
After the ice has melted, the level of water in the glass has (risen)
(fallen) (remained the same),

(IV27) '(5 points) The top is spinning about its axis in the sense
indicated by the arrow. The lower end of the top pivots on a table,
Does the top, as seen from above looking down upon it, precess

clockwise or counterclockwise ?

(IV-8) (5 points) Masses m and 3m-’ are attached to the two ends of
a spring of spring constant k. What is the period of oscillation?

(IV-9) (5 points) The mutual potential energy V of two particles
depends on their mutual distance r as follows:

a b
V==3-T

r
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where a and b are positive constants, For what separation r are
the particles in static equilibrium?
(IVv-10) (5 points) Two particles of equal mass are connected by

springs ae shown and are free to execute longitudinal one-dimensional

oscillations. Indicate by arrows (or describe otherwise) the relative

magnitudes and phases of the particle displacements corresponding to

the two normal modes.

(a) Mode No, 1:
(b) Mode No. 2:

(IV-11) (5 points) Suppose that the radius of the earth were to shrink
by 14, its mass remaining the same. Would the acceleration due to
gravity g on the earth's surface increase or decrease, and by what

percentage ?

(IV-12) (5 points) An empty cylindrical tin can and a can tightly
packed with luncheon meat both start rolling down an inclined plane at

the same instant. Which can reaches the bottom first?

(IV-13) (5 points) A cylindrical can filled with water to a height of 40
cm has on its side two small holes of equal area, one at a height of
10 cm and the other at a height of 30 cm. At the initial time, what is

F
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the ratio of the mass of water flowing per second through the lower

hole to that flowing through the upper hole?

(IV-14) (5 points) A long taut string has its right end fastened to a
rigid wall. A transverse disturbance in the form of an isosceles
triangle propagates with a velocity of 1 m/sec towards the wall. At
some initial time, the center of the triangular pulse is 2 m to the left
of the wall, Draw the shape of the string after two seconds and after

five seconds,

N
L—Zm————‘

N\

(a) After two seconds:
(b) After five seconds:

(IV-15) (10 points) The formula for the Coriolis force is
Fe-2mgxv.
(a) In what situation does the formula apply and what do the
symbols mean?
(b) A river runs southward along a channel of width W in
north latitude \. Then the water level on the east bank of the
river will be different from the level on the west bank. Which
will be higher ?
(c) Find the difference in height, carefully defining any
symbols used.
(d) Estimate crudely the order of magnitude of this effect for
the Mississippi River. Indicate clearly the estimates (or

guesses) that you use for the various parameters.

(IV-16) (10 points) A disc is rigidly attached to an axle passing
through its center so that the symmetry axis B of the disc makes an
angle & with the direction of the axle. The moments of inertia of the
disc relative to its center are, respectively, C about the symmetry
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axis /r\n and A about any direction ’r\x' perpendicular to {'\x The axle

spins with constant angular velocity w. Find the magnitude of the
torque exerted on the bearings supporting the axle.

Disc

3>

Axle

’ /

(V-1) (10 points) A block of mass M rests on a frictionless
horizontal table and is connected to two fixed posts by springs having
spring constants k1 and k2 respectively.
(a) If the block is displaced slightly from its equilibrium
position, what is the frequency of vibration? Suppose that the
block ‘is vibrating with amplitude A and that, at the instant
that it is passing through its equilibrium position, a mass m
is dropped vertically onto the block and sticks to it. Find:
(b) the new frequency of vibration;

(c) the new amplitude of vibration.

ky ky

44444

(V-2) (10 points) A wedge of mass M, whose faces form an angle f

with each other, lies on a smooth horizontal table, A block of mass
m is placed on the wedge and is allowed to slide d:':wn. Neglect all
friction, What is the acceleration of the wedge along the table (before
the block reaches the table)?
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(V-3) (3 points) In the figure a frictionless, massless pulley is fixed
to the edge of a frictionless table, The two blocks of mass 10 kg and
5 kg are connected by a weightless string passing over the pulley. Is
the tension in the string greater than, equal to, or less than it would
be if the 5 kg block were glued down?

| S kg

10 kg

(V-4) (3 points) A circular disc is rotating about its center in the
horizontal plane. A razor blade is balanced on edge in a groove along
a radius of the wheel, If the blade is pulled along the radius toward
the center of the wheel, will it tend to fall in the direction of rotation

or opposite to the direction of rotation?

(V-5) (3 points) Imagine the radius of the earth shrinking by 1%, its
mass remaining the same. Would the kinetic energy of rotation
increase, remain the same, or decrease? If it changes, by how

many percent ?

(V-6) (3 points) A uniform thin rod of mass M and length L hangs
from a frictionless pivot and is connected at the bottom by a spring
to the wall as shown, The spring constant is K. What is the period

iz

of the motion?

AN
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(V-7) (3 points) Two thin rods with mass M and length L are hung
from pivots and are connected together at the bottom by a spring such
that at rest the rods hang straight down. The spring constant is K.
Indicate by arrows the nature of the oscillations in the two normal

modes. What are the frequencies for these two normal modes ?

YUz iz

L M M L M M
A

! WWW WWW

Mode 1. Mode II.

(V-8) (3 points) What is the ratio of the mass of the sun to the mass

of the earth to one significant figure?

(V-9) (3 points) Two persons of equal weight are hanging by their
hands from the ends of a rope hung over a frictionless pulley. They
begin to climb, One person can climb twice the speed of the other
(with respect to the rope). Who gets to the top first? (a) the faster
climber, (b) the slower climber, (c) get there together, or (d)

indeterminate.

(v-10) (3 points).A cork is submerged in a pail of water by a spring
attached to the bottom of a pail. The pail is held by a child in an
elevator. During the initial acceleration as the elevator travels to
the next lower floor, will the displacement of the gpring (a) increase,

(b) decrease, (c) remain the same?

(V-11) (3 points) A satellite is launched into a circular orbit of radius
R. A second satellite is launched into an orbit of diameter 1,01R, Is
its period larger, the same, or smaller? If its period is different, by

how many percent'?
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(V-12) (3 points) A sphere of radius R is released in a liquid of
viscosity n, so that by Stokes' law its drag is 6mrnRv.
Simuitaneously a second sphere of identical mass but with radius 2R
is released. What is the ratio of:

(a) their initial accelerations ?

(b) their terminal velocities ?

YR

2R

A\

(V-13) (3 points) A particle moves in the field of force given by:

(1) Fx = 2yz(1 - 6xyz), Fy = 2xz(1 - 6xyz), Fz = 2xy(1 - 6xyz).

(2) Fx =y2+ 22+ 2(xy +yz + zx), Fy =x2+ z2 + 2(xy + yz + zx),
Fz =x2+y2 + 2(xy + yz + zx).

(a) For which forces may a potential function V(x,y,z) be
defined?

(b) For which forces will the total energy (kinetic plus
potential) be constant during the motion of the particle ?

(V-14) (20 points) A sphere of radius r is initially spinning around
its axis with angular velocity w. The axis is horizontal, When
dropped on a surface with a coefficient of friction p, it slips and
then rolls without slipping.

(a) What is the final linear velocity of the center of mass?

(b) What is the distance it travels before achieving this

velocity ?

(c) Repeat the calculation of (a) in the case that |1 is so large

that there is no initial slip,
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(V-15) (13 points) A football in the shape of an ellipsoid of revolution
has moments of inertia about its principal axes of Il' 12. and 13.
When thrown it is accidentally given an angular velocity J which
makes an angle g (< 90°) with the long axis of the football,
(a) What is the magnitude and direction (with respect to the long
axis of the football) of the angular momentum ?
(b) What is the rate of precession (neglect air friction and
gravity).

(V-16) (14 points) Consider a particle moving in a central field of
force. If we consider the radial motion only:
(a) What is the "effective' potential in which the radial motion
occurs? (Sketch and label the contributions. )
(b) What is the condition for circular motion in terms of the
"effective' potential ?
(c) If the central potential is V(r) = kr2/ 2, calculate the

angular frequency for circular orbits.

(VI-1) (10 points) A rectangular thin plate of dimensions a and 2a
spins about an axis along the diagonal at a constant angular velocity
w.

(a) Calculate the principal moments of inertia,

(b) What is the direction and magnitude of the angular

momentum ?

(c) Calculate the torques on the axis of rotation.

(VI-2) (10 points) A rocket satellite travels in a circular orbit of
radius o The rocket motor suddenly increases the rocket velocity
by 8% in its direction of motion. What is the apogee distance of the
new orbit? Sketch carefully the final orbit. Draw a sketch showing
how the equivalent one-dimensional effective potential changes due to
the impulse,
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(VI-3) (10 points) A uniform disc of radius a and mass m rotates
about a fixed axis, A massless rope is fixed to a point on the outside
circumference and leads to a massless spring which is in turn
fastened to a fixed point. At a radius a/2, another cord is fastened
to a spring which connects to a mass m. Set up Lagrange's equations
for the disc and the weight. (Do not solve,)

\

(VI-4) (10 points) A mass is attached to a spring which in turn is
attached to a support. The support is driven up and down by an
external mechanism such that the displacement x = x,, cos wot. If
there is a damping medium represented by -bx, what is the amplitude

of resulting motion?
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(VI-5) (10 points) A solid homogeneous cylinder of radius a rolls
without slipping on the inside of a stationary larger cylinder of radius
R.

(a) Write down the Lagrangian function for this system.

(b) Find the equation of motion.

(c) Find the period of small oscillations about the stable

equilibrium position.

(VI-6) (10 points)

(a) Determine the radius of convergence of this power series:

3[*'19
=
5|2
»
=]

1

=]

(b) Prove the following by the method of residues:

= cos mx dx -ajm]

=T e
2 a

5 cos cm,
-o (x+c¢) +a

where a is real and positive and c¢ is real,

(VI-7) (10 points) A satellite is in a highly elliptical orbit about the
earth's equator, Sketch the orbit, showing the position of the earth,
and describe the effect of a small atmospheric drag upon the
satellite's path. Specifically, discuss any change in the eccentricity,
and the period of the orbit, the length of the major axis, and the

distance of closest approach,

(VI-8) (10 points) A powerful pump is placed at A and pumps water,
which flows smoothly and exits at B with a velocity of 20 c1a/sec,
The area at B is 6 em? and the area at C is 1.0 cm®, Find the
height h of the mercury in the manometer,
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(VI-9) (5 points) Three point masses are located at the vertices of

the triangle shown in the diagram. Find the principal moments of

inertia about the point, P, on the hypotenuse halfway between the

vertices, Indicate the orientation of the principal axes with respect

to one of the sides of the triangle.

3m

45° a {) m

(VI-10) (10 points) A child sits in a train holding a helium-filled
balloon at the end of a 4-foot nylon string. The train is traveling at
60 mph and is rounding a curve 2 miles in radius,

(a) What angle does the string of the balloon make with the

vertical ?
(b) Indicate the direction of the string in the horizontal plane on

the sketch shown,

Answers: (a)

F\T rain track
®)
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(VI-11) (5 points) The man in the figure weighs 150 lbs, He sits in a
sling and pulls himself slowly up by means of a rope on a pulley,

With what force must he pull ? 1bs

4

(VII-1) (20 points) Suppose you clap your hands steadily at repetition

rate 1/ Tl‘ where T1 is the time interval between successive claps.

Each clapping sound lasts for the short time interval At, where At

is short compared with Tl' During the time interval At we can

approximate the air gauge pressure at your ear as being constant, At

other times it is zero,
(a) Tell us qualitatively what will be the results of a Fourier
analysis of the sound of the clapping. (You should not need
actually to perform the Fourier analysis to tell us this result.)
(b) Suppose that instead of a repeated clapping sound, there is
just one clap of duration At. Tell us qualitatively what will be
the results of a Fourier analysis of this single clap. Compare
the result with that in part (a). ’

For both parts (a) and (b), we want a sketch of the Fourier "spectrum'

versus frequency, i.e., a sketch of the intensity versus frequency,

with appropriate labels to show the qualitative shape’of the spectrum.

(VII-2) (10 points) Given a unitary matrix S and matrix T such that
S=1-2iT:
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(a) Show that in the limit as ITijI << 1.0, T is Hermitian,
(b) Show that for all T
Im Ka|T|a>)=-Z <n|T|a>2
n
where a is any state in the space on which S and T operate and

| n> represents a complete set of such states.

(VII-3) (15 points) A wooden crate partially full of bricks sits on the
back of a truck. The crate is one meter square in cross section; its
mass is negligible compared to that of the bricks. It is found that if
the truck accelerates at a rate faster than 6 m/ secz, the crate will
begin to slide. How high may the bricks be piled into the crate before

there is danger of its overturning at this acceleration?

(VII-4) (15 points) A box of delicate equipment is placed on a cushion
to shield it from vertical vibration,
(a) The box sinks 6 cm. when placed on the cushion, What is
the natural period of vibration of the box and cushion?
(b) If the floor vibrates at 20 cps, what is the ratio of the

amplitude of vibration of the box to the amplitude of vibration of

the floor?

(VII-5) (20 points) The captain of a small boat becalmed in the
equatorial doldrums decides to resort to the expedient of raising the
200-kg anchor to the top of the 20-m mast. The rest of the boat has a
mass of 1000 kg. (The radius of the earth is 6400 km.)

(a) The boat will begin to move. Why?

(b) Which way ?

(c) How fast?

(d) Where does the energy come from ?

(VII-6) (20 points) A ring with mass m, slides over a rod with mass

and length L which is pivoted at one end and hangs vertically.
is secured to the pivot by a massless spring with spring

my

Mass m1
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constant k such that in equilibrium m, is centered on m,. The

motion takes place in a single vertical plane under the influence of

gravity.

(a) Write the Lagrangian of the system as a function of § and
R as shown,

(b) Obtain the differential equations of motion for § and R.
(c) Find one of the normal modes and its natural frequency of

vibration (in the limit of small oscillations),

(VIII-1) (10 points) Show that a function that is everywhere real and

analytic must be a constant,
(VIII-2) (10 points) Given a vector V and a tensor T

a a a
V= a.1 . T= 11 a12
2 321 %22
both referred to a two-dimensional Cartesian coordinate system

X0 Xy Compute the components of the vector and the tensor referred

to the new coordinate system obtained by a rotation of the old

coordinate system by 90° in a positive sense about the X XX, axis,
L]

(VIII-3) (20 points) Show that the function

-ar
e

r

f(r) =
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satisfies the differential equation

vt - o?f = -ams (D).

(VIII-4) (20 points) Find the Lagrangian and the equation of motion of
the following system: m = point mass on massless rod of length L.
The rod is hinged (frictionless hinge). The hinge is constrained to

oscillate vertically with harmonic motion:

h(t) = ho cos wt,

The only degree of freedom is § which measures the angle of rod

from vertical. (This thing is called an "upside-down pendulum. ')

Hinge Gravity

h(t
Piston—"| ()

ML

(VIII-5) (20 points) Three identical pendulum clocks are at an airport
located on the earth's equator. Clock A remains at the airport.
Clock E is carried by an East-flying airplane E. Clock W is carried
by a West-flying airplane W. At exactly noon one day, all three
clocks read the same. Planes E and W take off at noon. Plane E
flies around the world at the equator, at censtant ground speed,
towards the East., Plane W flies around the world at the equator, at
constant ground speed, towards the West, Both planes arrive back at
the airport at the same time the next day. Thus both had the same
ground speed. When the airplanes arrive, the clock A that remained
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at the airport reads exactly noon, i.e., 24 hrs, 0 min, and

0. 00000000 sec have passed between take off and arrival of both

planes.
(a) Do the three clocks still agree with one another? If they do
not agree, list all the physical effects you can think of that would
would make them not agree.
(b) Consider only the most important physical effect. Find the
clock reading of clock E and that of clock W when the airport
clock A reads noon (after 24-hour trip).

..ssume that the radius of the earth is 6000 km.

(VIII-6) (20 points) According to the Newtonian theory of gravitation,
the gravitational potential due to the sun is given (assuming spherical
symmetry) by

-¢=—

r

where G = 67 x 10-9 cgs units (gravitational constant),
GM=1,3x 1026 cgs units, M is the mass of the sun, and r is the
distance from the center of the sun.
(a) What is the formula for the force on a particle of mass m
located at distance r from center of sun?
(b) According to Einstein, Newton's theory must be corrected.
If we include the first-order correction, the gravitational
potential can be written

GM ,6 A

< "2
r 2

Use a dimensional argument to guess an expression for the constant

A, The correction term involves the velocity of light, as well as G

and M. Your guess is only expected to be good to a factor of 2.

(c) Estimate the relative magnitude of the correction term
(relative to the Newtonian term) at the location of the earth,
whichisat r =1,5x 1013 cm,
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(I-1) Let i53, P 4 be the momenta of particles 1 and 2,
respectively, after collision; Ii—" 4| is the maximum possible
momentum of m,, i.e., particle 1 is scattered backward in the
c.m, system. isl. i-"a. i54. “therefore, are in the same direction,

m,; my m, m;
Before collision After collision

a. It is possible to solve for P, by the following equations

4
according to the conservation of momentum and energy,

- -»
P =P+ B 4 1
E1+m2=E3+E4 (2)
where

NEYI [32 2
El— P1+m1. E3— P‘?'+m1
and

_ 2 2

<[22 el

However it is more convenient to use the 4-vectors. Let us define:

P, - (iSi. JE) 1=1,2,34

where we have adopted the convention that
c=1 and j=/V-1,

(1) and (2) can be combined into the following form:

24
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P1+P2=P3+P4 (3)

or

= + -
P3 P1 P2 P4.

We consider the invariant scalar product

2 2 2 2
= + + + . - . - .
P3 Pl P2 Pl 2P1 P2 2P1 Pl 2P2 Pl

and use the relations

P? = -m
s s (4)
p..P =-EE +P, « P for i, 3=1,2,3, and 4.
1 J 1) 1 J
We obtain

cm2 = -m2 - 2m? - 2E,m, + 2E,m, + 2E_ E 2D . P
= 4 174 1° %4

1 1 2 172 2

which can be simplified by the given condition that P 4 is parallel to
131' We obtain

2 2 > > P
(m, + El)‘/(P4+m2) - |P1| . |P4| - (m, + E;m,) = 0 (5)
or

-
2m2(m2 + E1)|P1| ©)

IP,l =

2 2 2
(m,, +E1) - |P1|

where we have discarded the other solution of (5), i.e.,

B, = 0, which is trivial. )
b. It is given that

|i51| = m, =938.2 MeV

then we have
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E, =,/ (P‘:' + mf) = 938, 2V 2,

Using m, = 0.5 MeV, we have from (6) the maximum momentum of

the electron after the collision.

3 | - __2(0.5)(0.5 + 938,2V2)

P, | 3 (938, 2)
(0.5 + 938, 27°2)° - (938, 2)

4 2

(1327)

= 2 (938, 2)
(1327)" - (938.2)

2
-+
or |P4| =1,4 MeV/c.

(1-2)

E)
>

a, Let v be the velocity of the center of mass of the rod and
éo be the angular velocity of the rod with respect to its center

of mass. Using the equations of impulsive motion we have

#
=mv_ (1)

8 == (2)
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is the moment of inertia of the rod with respect to the center of mass.

If, at time t, the rod makes one complete revolution, then

8 t=2r 3)

Therefore the distance the rod travelled after making one complete

revolution is

S=vot=

F rme? 7L
S=Em/\—'=1rT- @)
3FL

JA) A
T =Ev2—lmﬁ=lF—2 (5)
t 2 o 2 me 2@’

The rotational energy is

. : (6)
The total energy is the sum of the two:

2F
T(total) = Ty + T, = =— .
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(1-3)

Let b be the length of spring before the motion is initiated
(note that b is not the natural length of the spring because of the
existence of gravitational field. b = natural length - mg/2k) and
X x2. and x be the length of spring 1, spring 2, and the height of
the center of mass of the rod at time t. We have the constraint that

x, + Xy = 2x because the rod is rigid, From the second law of

motion, we have

mix -k(x1 - b) - k(x2 - b)

or

m% -k(xl + xz) + 2kb

% = =L (2kx - 2kb) = 22K (x - b). (1)
m m

Now let

= x+%9

)

From the equation
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Jo = torque
we get
L L
= - -b)= + - b)=
;] k(x2 b)2 k(x1 b)2
or

-kL __1,.2
I§--—2—-(x2-x1)- 2kL ]

where (x, - x,) = L8. Using

The solutions of (1) and (3) are

x = A cos (wlt+B)

and

8 = C cos (w2t + D)

respectively, where

=gand - |8k
lem Yo Jm'

The initial conditions at t = 0 are

x=(-3
=2

°=L

x=0

(2)

(3)

4)

(5)
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6 =0,

Substituting (6) into (5) and (4), we have

b-§=Acos(B) )
0-= -Aml sin (B) (8)
-E= C cos (D) (9)

= -sz sin (D). (10)

From (8) and (10) we get

B=D=0, (11)
a

A=b-§.

and

c=%. (12)

From (4), (5), and (12) we obtain

2b - a 2k
X = 3 cos wlt with w, = o
and

a . _ | 6k
2] =1 cos wzt with wy =/ oo

The two normal modes of vibration are defined by

Xl = x + x, = (2b - a) cos mlt (13)

- X, = a cos wzt (14)

f X1 = 0, we have x2 =Xy i.e., mode X2
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i-o

If Xz =0, we have x i.e., mode X1

2 - *p

(1-4)
a. It is given that A is symmetric, i.e., A,. = Aji' We have

? Aty = oy )

where § is an eigenvector of A and a is the corresponding

eigenvalue of A, We multiply (1) by *: from the left:
Z oy A i = aE v w ()
i, j

Taking the complex conjugate of (1) and multiplying on both sides by
U} i from the left, we get

* ok Ak

? Aij*j =ay, (3)
and
* * :
- T, 4
iEJtAi” aZiHitl 4)

We can interchange the index i and j on the left side of (4) and get

Since A is real, A* = A, Furthermore, if A is also symmetric,
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then A;j = Aji' Interchanging i and j on the left side of (5) and
using the relation A:‘j = A e we obtain

* * *
Ej tlAljtj =a Zi: v (6)

Comparing (2) with (6), we get a = a*. Therefore a is real.

b. If a is an eigenvalue, we have

z Aij’j =ay, (7

3

where Aij is not symmetric but real. The complex conjugate of (7) is
* %k %

Zj} Aij* j=8 v

&
Therefore a 1is also an eigenvalue of A,

(I-5) The equation of motion in a reference system rotating with

angular velocity w is

-
:=§l-ﬁx§r’-"x@x§) (1)
where
ﬁ - »> 2 ]

S TwX wxR)=¢g

is the effective acceleration of gravity and o = TZ)B =T7x 10-5/ sec
is the angular velocity of the earth,

(1) reduces to the following expression:

a= E -2 x V. (2)

In the configuration as shown in the figure, we obtain

ay.=g or v’=ayt=gt (3)

and
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a = 2wv sin 45°,

X y
Therefore,

t j—

. N2 2
X -fo axdt -—2-wgt
and

= ft xdt = J2wg +3
x=J, =3 .
From (3) we have

J1..2 [ 2h
h-zgt ort- g

hence (5) becomes

_mfnd
x‘3 go

4)

(5)

(6)

It will land east of a plumb bob suspended from the point of release.
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(1-6)

N\

— X

l Y

v

For a string the equation of motion is

.1k,
at? P ax®

where T 1is the tension and p is thé mass per unit length. The

initial conditions at t = 0 are given to be:
y=0 forall x

and

_ L a
y=0 for x<(2 2)
. L _a L,a
y=v, for (2 2)<x<(2+2)
y = L,2
y=0 for x>(2+2).

The general solution of Equation (1) is:

- —
=2 (A cosﬁ\/—zt+B gin 3T 1't . gin 3T
y oy Pn TV 5 n ST 5 )« sin— x

At t =0 we have
y=0
That is,

(1)

(2)
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@®
Z A sin2 x =0 forall x.
n=1 n L

The above relation is true only if all An are zero, i.e.,

1

A, =0 forall n, (3)
Therefore (2) leads to

Y)e & B BT/ T gip 0T
yw = Z B T 5 sin g (@)

Therefore

L
-l/z' ’ ATX,
Bn-mr T"o y(x)sin(L)dx
L+a

2
=2 [2 hr
* o TvoIL-a sin Lxdx
2

- .23)-& -g (cOs M - 217‘_8) - coSs (21_’: +m)) (5)
22y T 2 2L, 2 2L

For n=1, 2, 3 we can get the amplitudes of the lowest three

harmonies Bl‘ Bz. B3 from (5).

(I-7) In time interval At, the number of air molecules accelerated
to the velocity V is proportional to AVAt., Therefore the total

momentum, AP, transferred to the air molecules is proportional to
AVzAt. The drag force is

- AP
F="5

which is proportional to AVz.

(1-8) In this case, the centrifugal force should equal the earth's
gravitational force at the equator, i.e.,
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.2
Re = go

Using R = 6 x 106 m and g = 9.8 m/secz, we find
S = /.& L
] R ~ Boo S¢°-

T = %E ~ 16007 sec ~ 11 hour.

This is approximately the period of an artificial satellite around the

earth at low altitude.

(I-9) Cyclic coordinates: those coordinates which do not appear

explicitly in the Hamiltonian. Since

o

* _QJdH
P 3x
c

= 0,

the conjugate momenta of cyclic coordinates are constants of the

motion,

(I1-1)
a., Let a be a real eigenvalue of a skew Hermitian matrix A,

i.e.

Ay = ay. (1)
Multiplying both sides of (1) by "f from the left, we obtain

T ay = a'y. 2)
The Hermitian conjugate of (1) is

+ .t t (3)

where we have used a* = a, If we multiply (3) by ¢ from the right,

we obtain

oAty = ayty. 4)
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Since A" = -A, (4) becomes

t*At = -atft (5)

From (2) and (5) we see

a=0. (6)
b. Let
. 2
I-f sin_x .
—o 2
x
y
r
Cr

= N2 =

Since sin z is not well defined, when z = x + iy approaches infinity,

we have to express sm2 x 1n terms of eix. We have

sinz x = 1 - czos 2x _ Re (l - ex; (i2x))

For positive y, exp (i2z) decreases exponentially and therefore the

integral
r -
| 1 e:;E (12z) dz s
z
along CR vanishes, We can now evaluate I by substituting z for

x and integrating over the upper half hemisphere,

® 2 ® .
" 31:. sin2 X g = Re.[_. 1- e&z (i2x) dxe +Ref 1- e§2(12z) dz
x 2x CR 2z



Solution Set of Mechanics 38

=Re§1-_exrz;_(i_2=_>dz
2z

= Re (mi Res(x = 0))

where Res (x = 0) is the residue at x = 0. In this case the integrand

has a pole of order n = 2, The residue is

Res (x = 0) = %(h—e;‘R@) | = -i,
x=0

Therefore

I=Re(m)=m,

(I1-2)

a, Let us gradually peel the earth by removing one thin (outer)
shell of thickness dr at a time., The energy needed to remove this
shell to infinity equals the negative of the potential energy between the
thin shell and the remainder. We have:

Remove this

shell to infinity
dr

M m

d(Work) = - potential energy = G ——l-; r (1)

where

4r . 3 2
Mr"?r o; mr=-41rr odr
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where p is the density of the earth, Here Mr is the total mass
within a distance r of the center and m, is the mass within a shell

of radius r and thickness -dr. Therefore

2
a(Work) = - d(P.E.) = - GETL p%etar @)

The total energy needed therefore is the integral of (2) from r = R

to r=0

2 0
-G(4m) 02 fn r4dr

Work = 3
_Gum?® 2R°
=—3 P 5
2
3. M
"EG_R_ (3)

where M is the mass of the earth and R is the radius of the earth,
3 _ M2
b, Let the potential energy EGT equal the heat absorbed,
Assuming the heat capacity of the earth is constant, we obtain the
following relation:

2
3.M" _
EGT = MCVAT 4)

where AT is the increase in temperature of the earth after the earth

has absorbed the amount of heat released. Assuming
C,~0.3 cal/gm-K° = 1.2 x 10° joule/kgm-K°,

we find
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3 10x @B x 105 b =38X10 ~5, 4otk
5 C C
v v
Yes, it would melt,
(11-3)
|
! !
1 |
| ]
1 |
1 |
0, ! E L
lg
: | 6
S F ol I -
\\ 6

Let 8 1 and 62 be the angles between the vertical line and the
string-one and the string-two, respectively. The angular velocity of

the center of mass of the rod is

_m_ 2. s (2
=3 L (91+92) (1)

The angle & is related to e1 and 92 by

22 2
8% L% .2
R.E. =Ig =736, 8)
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2
mL 2
4 (61 - 92) (2)

where I is the moment of inertia of the rod and equals ma‘/ 12

The potential energy (for small 8, and ez) is

1
= EmgL((l - cos 91) + (1 - cos 02))
~ 2EL o2 4 o2 @)

where we have made use of the series expansion for cos §. From

(1), (2), and (3) we obtain the expression for the Lagrangian £:

2
mL « 2 1 2 2
2 =(T- v)-——(e +B) + =T Y (61'92) --4-mgL(el+92) (4)

where we have used T = T.E. 1+ R.E. The two equations of motion

follow from the Lagrange equation

mL2 . 1 )
(b +8 N TE BTN (e1 - 92)+5mg1,e1 =0 (5)
2 mL 1
(e +§ DY I (62-61)+-§mg1,92-o (6)

We add and subtract (5) and (6) to get

mL” . _ - o ig : -
(9l 92) + mgL(el 62) 0 or (e1 92) + L (e1 92) o (7
2.. . _ P i . -
mL (@, +8,) + mgL@, +6,) =0 or (B +§,)+76, +6,0=0 (8
The solutions of (7) and (8) can be written in the form
X1 = (61 - 92) = 2A sin mlt + 2A!' cos wlt
X2 = (61 + 02) = 2B sin mzt + 2B' cos mzt

where w, and w, are the corresponding frequencies. From
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equations (7) and (8) we have

m1= ’E%‘-: ’% 9)
L

W2 ®/ '&f \/% (10)
L

The initial conditions are

91 = 92 =0

which imply

A'=B'=0 (11)
Therefore we have

8, = A sin mlt + B sin w t (12)

-A sinw,t + B sinw_t, (13)

8s 1 2

and from the impulse equations

2
Aa _ 4 _ma ) P . _ mal, e 2
Py=Db =—5x=06, 8,y) =713 (61 - 8y) (14)
A _ _ 2 _ L(- + . 15
P-mv-mLe—mgel 92) (15)

we can solve for 91 and 92 at t =0,

4

e1 " mL (16)
. 26

%2 "mL an

From (12), (13), (16), and (17) we obtain the amplitudes of the normal

modes:

A A
P P

B =
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and
3A 31/;
A= I_l:!) =
m 1 m 3Lg
b. T
4
A [}

mg

Let T be the tension of the string. According to the second

law of motion we have
(mg-ﬂ=n%§ (1)

and the torque eqnation with respect to point A is

2

mg=w=%ae (2)

N

Eliminating § between (1) and (2), we get
T=1m 3)
= 4 g-

(11-4)
a. If the orbit is a circle, the attractive force -dV/dr must

equal the centrifugal force in magnitude. Therefore we have

2
-‘;— = 3Kr2 1)
or
v=r/(3Kr)=a/3Ka (1)

The kinetic energy of the particle is
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3 3
1 2 3Kmr~ _ 3Kma
K.E, =gmv" =—5 =3 (2)

and the angular momentum of the particle is

J = mrze' = mrv = mr2 ,/(3Kr) = ma2 3Ka (3)

where we have used the relation

D

"
Nl

n
W<

b. From the angular velocity
§ = V(3Ka),
we find the period of the motion to be

2T 2T

—é J (3Ka)

c. After the particle is disturbed, the path changes from r = a

T =

1]

to r =r(t), Letus write r = a+x, where x is a small quantity.

The equation of motion to the first order in x is

]
mk + (EVT‘EI + V@K = 0 (4)
where
v'(a) = dZ:r) | = 3Ka2m
r=a
2
V'(a) = dav | = 6Kam.
dr” r=a

Substituting V'(a), V''(a) into equation (4), we have
X + 15Kax = 0, (5)

This is the equation of motion for a harmonic oscillator with angular

frequency

w = \/15Ka.



Solution Set of Mechanics 45

(11-5)
—_— 4—0\1~s d Y
— AAAAAAD
P‘ PZ P; P‘
Betore collision After collision

Liet us define the following 4-vectors with the convention that
c=1 and j=v-1,

- -+
Pl = (Pln ]El)a P3 = (Psn JE3)’
. —~ - -

Using the conservation laws for momentum and energy we get

= >
P1+P2 13+P4 (1)

or

= + -
P3 Pl PZ P4.

After squaring,

2 2

-m_ = -me + 2(E1 - P1 cos 614)11‘.4 - 2(E1 - P, cosp, )E

1 12772

JE_E

+ 2(1 - cos 9 oF e

24

(Note: See problem (I-1) for various <\etails involved in this step.)

We can solve for E4:

(E1 - P, cos ¢

1 12)E2

E, = . (2)
-1 + -
4 (E1 1 | cos 914) (1 - cos 924)E2 -
For 20 = GeV electrons, m, is negligible compared with El;
therefore
E1 ~ Pl‘

To make E 4 maximum, we must have cos 912 = -1,
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cos 914 =1 and cos 624 = -1,

- - -
so that P 4 is in the same direction of P1 and opposite to P2. It
follows from (2) that

2E1
E4~§-E—2E2~ Elo

i.e., the scattered gamma ray is almost as energetic as the incoming

electron,

(I11-1) |

a. Let P be the point the marble is instantaneously in contact
with the inclined plane at time t. The torque equation with respect

to P is,
- Mg sin a = Iob' (1)

where Io is the moment of inertia with respect to point P,

According to the theorem of parallel axes we have

1 = 2'Maz + Ma2 = lMaz.
o 5 5

Therefore we have the linear acceleration:
" o =5 .
X = af =-77—g sin §. (2)

b. Because of the conservation of energy, when the marble

returns to its starting point, its velocity must also be Vo but in the
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opposite direction. Using the relation for motion of constant

acceleration

- + 3
vf vi xt

where

. =5 .

X =5 g sin b,

we obtain for (3)

2v_ = Egt sin §
o 1 °

Therefore

14v
o

1:=5gsinb

(I11-2)
a, We are given that a particle of rest mass 1000 MeV
momentum of 1000 MeV/c. The velocity of the particle is
pc? 1000 c

v = = c = .
mc2 VZx1000 V2

Its mean life is

T=Q - 132)'1'1'o =t—n"—‘-'r° VI x 108 sec.
o )

Therefore the mean decay distance
S = vT = 300 cm.

b. Define 4-vectors:

P, - (153. JE,)

47

3)

(4)

(5)

has a

(1)

(2)
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P =@, E
MR, ) (3)
B, iE
P, v JE,)
From the copservation of energy and momentum we have
P =P - P'u. (5)

Squaring both sides of (5) we obtain

p2=(p -P )
\V) X 9%
or

0=-m2-m2+2EE -2P P cos 15°
X u X u X u
Using the given values for E.. Pu' mu and m_ we obtain

2000 2 Eu - 2000 Pu cos 15° = 10002 + 1002. (6)

For such high energy muon the term mj is negligible and Eu ~ Pu;
so we get

500

E a————————
u” JZ - cos 15°

~ 1100 MeV.
See problem (I-1) for more details on manipulation of 4-vectors.

(111-3)

>

=
e

=
TTETTT

)

(The motion s perpendicular to the rod)

Let 91 and 92 be the angles between the vertical line and the

,two rods. The moments of inertia of the two rods are
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1 2

Il --3-M1L1 and (1)
1 2

12 = -3-M2L2-

1. 42 2
T--2-11é1+- 2° (2)

The potential energy of the whole system is

L L 2

- 1q- 24 - Ko -
V'Mlgz(l cosel)+M2g2(l cosez)+3(el ez) 3)

The Lagrangian of the system is
1 2:2 1 2.2
L=T-V —-éM L1°1 +-6-M2L292 -

L L, 2

1 K
- TMlg(l - cos el) - -2—M2g(1 - cos 92) - --2-(91 - 92)

1 2

2.2 1 2 2 K
M,L,6, - M L,86, - FM,Loe8, - 506, - 6,)

2
2 )

ol

~1 2
—egML6

where we have made a series expansion of cos °1 and cos 62.

From (4) we obtain

-1 - -
-3 "3 M,L,g6, - K8, - 6,). (5)

Substituting (5) into Lagrange's equation, we get the following

equations of motion
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1., 2. .1 ey
FM,L78, +5M L gs, +K@, -9,) =0
1 2.. 1 _ _ -

FM,Lob, + M, L,g8, - K(8, - 0,) = 0

or

. K
2L,6, + 380, +FM_1L';(°1 -8y =0

. K )
2L292 + 3802 - -GT/lz—Lz(el - 92) =0, (6)
Letting e1 = Aeiwt, 02 = Beiwt, we get for (6)
2L w2A + 3gA + —o— (A - B) = 0

1 6M1L1
-2L_w°B + 3gB - —~—(A - B) = 0 )

2 6M_,L

272
Rearranging (7) we get
J
2 K K
(-2L.w~ + 3g + YA - B=0
1 6M1L1 WILI

K 2 K )

-W;TZA*‘(-ZLZ(D +3g+m;)3-0 (8)

If the equations are to be consistent with each other, we must have

2 K K
-2L.w" + 3g + s -
1 GlﬂlL1 GMIL1
=0 (9)
K 2 K
- — -2L g + 38 +
6M2L2 2 6M2L2

From equation (9), we get

2
2 K 2 K K
(-2]’_‘ w + 38 +—)(-2L W + 33 [ Sp— ) - =0
1 6M1L1 2 6M2L2 33M1M2L1L2
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or
2 2
ML+ ML
4 K MLy * Mplh, o
4L Low - (6g(Ly + L) + 3™
1Mol Ly
2K(M.L, + M_L._)
+(9g + 4M1MlLLzz)g=0 (10)

1727172

From (10) we can solve for Wy, W Wg and w 4 Substituting wj
(=1, ..., 4) into (8) we can obtain various relations between Aj

and Bj (=1, ..., 4). The general solutions of (6) then are

4 .
B.ewit.
j=1 1

4
=2 At
3 ;

and 8, =
=1 2

A
(II1-4) Let us define three unit vectors: Xy pointing downward to
A
the inclined plane, /s\;l, tangential to the track of the particle, t1
directed along the string toward the hole (see figure).

F
-~ track

mg sin @ 's‘l

The condition of limiting equilibrium for the particle barely to move

is
"f'+mgsine§1+§'f=o, 1)

where i"‘f is the friction force of the plane on the particle, which is

always opposite to the direction of motion, and T is the tension in

the string, By definition:
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A A
f‘ = -ans = -uymg cos 0 sl

f 1

= -mg 8sin 0 ’él
since py = tan §. Therefore we have for equation (1)
;f-!-mg sine/:\:l = mg sinegl. (2)

Squaring both sides of (2), we obtain

T2 + ngz sirn2 8 + 2Tmg sin @ é\l . 4\:1) = ng2 sin2 0.

-

After simplification we get

T(T + 2mg sin § cos §) = 0 (3)

where cos b = ’t\ L IJ\(I. From (3) we find when the particle is above

the hole, i.e. when

0<6< and 0<cosb<1, T<O,

vl

Thus T is zero since we cannot take a negative value for the

tension T. When the particle is below the hole, we find
%f_bf_vr and -lfcosbf_o

and the tension T is positive:
T = -2mg sin § cos § > 0.

The path of the particle is determined by the resultant force:

i"‘=:f'+mgsine§‘:1

= mg sin § &l-Zcoabé\l)

mg sin 9 (1\:1 + 2 cos § (sin 6 9'1 -cosd 4\(1))
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A
mg sin g ((1 - 2 c:oszb)x1 +2cos b sind S\'l)

mg sin 6 cos 26 (-%, +tan 25 ¥.) @)

See the Figure below for Ql-direction. The path can be sketched as
follows.

From A to B, the tension is infinitesimally small (but
positive) and the particle just slides down the inclined plane. For
8 > /2, from equation (4) we see the following relation must hold:

g _ _ ___2s8inb cos b
5 - -tan (25) —3
cos 6 - sin §
-5 3 (5)
X -y
where
x =r cos (T-§) = -rcos § and y = r sin (r-8) = r sin §.
Rearranging (5), we obtain
2 2
(x" -y )dy - 2xydx = 0 (6)
which has the solution
2 2
x _ 2 .82 _c
-y—+y-corx+(y 2)-4 (7)

where c is a constant determined by the condition that when x = 0,
c =y = BP. Equation (7) therefore defines the path of the particle

between B and P to be a half circle of radius-c/2 and center at

x=0, y=c/2.
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A

mgen 0

(II1-5) Let Py be the vertical force acting on the bar by the pivot.
The vertical force on the pivot is -Py. When the bar Isv‘vizngs
through the horizontal direction, its kinetic energy is -59 which
equals the difference of the initial potential energy and the final

potential energy of the bar. We have the relation
.2 1 o
26 = 2I.,Mg sin 30

where [ is the moment of inertia of the bar with respect to the

pivot. For a uniform rod pivoted at one end,

LMg. (1)

Since vy = % s1n 9, we find

§'=1"2- cos 9 8 and i}=%(cose§-sineéz).
P,

Bar 1
? —>-P
l Pwot

Mg

Diagram of torces on the bar
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The equation of motion is

Mg - P = M5 - ME[ cos 6 - 6)% sin 6] @)

When the rod is horizontal, the term ([- (6)2 sin 6] = 0. The torque

equation with respect to the center of mass of the bar is

Pkcose=l 0.

y2 CcM

Using

we obtain

- ML
Py cos § = =& g. 3)

Eliminating § between (2) and (3), we get

Mg - P =3P
e y y

or
P, = L 4)

-Py is acting vertically downward on the pivot. Px can be found
from the condition that Px has to equal the centripetal force of the
bar. Therefore at the instant that the bar is horizontal

L
_ M 2
Px'fo T x6 dx

22
=M—. (5)

2

Eliminating 9 between (1) and (5), we get
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P SM.
x 4

The direction of -l‘;‘ is such that -1; tends to pull the pivot toward
left,

(II1-6) The incident energy of the moving proton at threshold is

m
1 aM
Tth = AM(I +E;+‘2?‘—2'). (1)

For the process

P+pP+p+p+p+Dp
we have

AM = 2mp and m1 = 'm2 = mp.

Therefore

Tth = Gmp = 5,62 BeV,

For the derivation of (1), see pp. 397-400 Classical Electrodynamics

by J. D. Jackson, or for a different approach see problem (XI-7) of
Atomic Physics Section,

(Iv-1)
a. The energy dissipated in the tide comes from the rotational

energy of the earth, The maximum energy available equals the spin
1
2
moment of the inertia of the earth and w is the spin angular velocity
of the earth,

b. The earth is divided into two parts by the plane perpendicular

rotational energy of the earth which is Iwz, where 1 is the

to the earth's orbit and passing through the center of the sun and the
center of the earth, Since the earth is not a perfect sphere, one part
of it is slightly closer to the sun than the other. rherefore the sun
exerts a greater force on it according to the inverse square law,
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Let ?1 and i-'z be the position vectors of the e.enter of :nau of the
two parts of the earth with respect to the sun; Il‘1 and F2 be the
forces on the two parts of the earth by the sun respectively and 1".0
be the position vector of the first part of the earth with respect to the
center of mass of the earth, Therefore we have

-7

F. =F+f and £_=7-
r 0 2 g =T -To.

The torque on the earth by the sun is approximately

- - 2 - had - -» - - - -»
T -O-rlel+r2xF2—rox(Fl-F2)+rx(F1+F2)
-+ -+
=C+r xF (1)

where we have decomposed the torque into two parts: a couple

E‘ =P x (F - F ) with respect to the center of mass of the earth and
a torque represented by a force F through the center of mass of the
earth with respect to the sun. The couple C slows down the spin
angular velocity of the earth while the torque T x F increases the
orbital angular momentum of the earth, As Lorbit increases, the
radius of the earth's orbit increases too, as does the period of
revolution in accordance with Kepler's law (wzr3 4r°r"/T
constant). From equatiof (1) we see that the total angnlar momentum
is conserved. The decrease in spin"angular momentum results in the

increase of the same amount in the orbital angular momentum.,

-6
2x10 =3 x 10-6 second,

J - (0.8) .

(IV-2) Mean life time =

(IV-3) Less.

(IV-4) Less than,

(IV-5) x=1,5 and y = 1,

4
{IV-6) Remained the same.
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(IV-7) From the vector relationship between spin § ., torque I.:,

and precession vector 5

a !/ Sx1
we find that 6 is pointing upward; therefore the top precesses

counterclockwise.

(IV-8) The reduced mass of the system is

3x1 3
E Sl it

The period is

(3m) _ 3m
2T\ ax) »/

(IV-9) In static equilibrium

dv dv
i 0, (since F = - -d—r-)
Thus

2ar 3 +br ey

which leads to

2a

P =,

b

(IV-lO)
a.e - or-+¢«, i,e,, antisymmetric motions,

b. ¢« or++, i.e., symmetric motions.

(Iv-11)
GM

g_—
Rz
or

Ags-zﬂ
g R °
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Therefore we have 2% increase in g for 1% decrease in radius of the

earth,

(IV-12) Let P be the point where the can is in contact with the

inclined plane at time t. The torque equation with respect io P is

I8 = Mkz'é = MgR sin 8§ or kzb' = gR sin @

where I is the moment of inertia with respect to P and k2 is the

square of the radius of gyration. We have

I
k2=

122 2
17 M,

=R +R =2R

for an empty can, and

2 T3 1.2 2 32
kz'M_z‘zR *R =3R

for a solid can, Since

2
kl > k2,

we have

v s u

92 91.

The solid can reaches the bottom first,

(1Iv-13)
VP

rate (lower hole) . __ £ _ r3
rate (upper hole) [P
u

where P z(u) refers to the water pressure at lower (upper) hole.
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(Iv-14)

After 2 d

After 5 seconds

A N

Y

L 3m

(IV-15) The Coriolis force

- -+ -+
F=-2mw x v

a. It applies to a particle with mass m observed in a rotating
coordinate system where J: is the angular velocity of the rotating
coordinate system with respect to an inertial system and v is the
velocity of that particle measured in the rotating system.

b. The Coriolis force is in the west direction. Therefore the
water‘w.el on the west bank is higher.

} o)
oy

West ¢— —— East

Since |® x V| =wv sin\ we get,

- 2wv s8in )\

(1)
tan ¢ 2
H = difference in height = W tan ¢
- 2Wwv sin A (2)
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where v is the velocity of the water,
A is the latitude,
w is the earth angular velocity,
W is the width of the river,
and g is the gravitational acceleration at earth's surface,

v = 5 mi/hr = 2.2 x 102 cm/sec

A =30° or sini =1/2

w = 2?". =7.3x 10° radians/sec (where T = 86, 400 sec)
W = 2 miles ~ 3.2 x 105 cm/sec

g~ 103 cm/sec.

d.

Therefore (2) becomes

H = 2wy 3R
g
= 2(3.2 x 10°)(7.3 x 10°°)(2. 2 x 102)(-;-)(10’3)
~83.2x7.3x2.2x 10'1~ 5 cm.
(IV-16)

As shown in the diagram, unit vector ?1 ‘points in the direction
of the axis of the disc; ;\l' lies in the plane of the diagram and is
perpendicular to 4\1; and {\11 is perpendicular to the plane of the o
diagram, The angular velocity can be decomposed into two

A A
components along n .and n'

A
3-wcosb’t\:+wsinbn'. (1)
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The angular momentum of the disc is

-» A A
M=Cwcosdn+ Ay sin é n' (2)

The torque equation in the rotating system with angular velocity 6)’ is

M s dM
-
Torque = (Tt.)o =w x M+ (-aT) (3)

where (cdi_t)o refers to the lab. system and (dit) refers to the rotating
system. The second term on the right side of (3) is zero since in this

rotating frame, the disc is at rest. Therefore
A 2 . 2 . A 2
Torque = nl(Aw cos § sind - Cw” sin § cos §) = nl(A-C‘)w cos b sind

A : s A AA
where n, is the unit vector defined by n, =nx n',

(v-1)
a. Let x be the displacement of the block from the equilibrium

position, From the equation of motion
Mx + k, +k )x =0 (1)
we get the frequency of vibration

k., +k,)
_/ 2 1
w = (2)

b. The new frequency of vibration with total mass equal to

M+m is
_ %t k) 3)
w (M + m)
c. Let v, be the instantaneous velocity of the block when it is

i
passing through its equilibrium position, According to the law of

conservation of energy we have the relation:
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1.2 1
EMV

2
1= -2.7(k1 +ky)A (4)

where A 1is the amplitude of vibration., According to the

-

conservation of momentum, we get

Mvi = (M + m)v,, (vf = velocity of the block after the mass m (5)
is dropped on it.)

The conversion of kinetic energy into potential energy leads to
300+ mpv? = 20c, + k)8 (6)

Using (4), (5), and (8) to eliminate vi and Voo we obtain the relation

between the new amplitude B and A:

, M
B = —(M+m)A'

(vV-2)

Let N be the normal force between the wedge and the mass

m, For the mass m, the equation of motion in the y direction is

mg - N cos 8 = my. (1)

The equation of motion in the x direction is

N sin B = mx. ()

The equation of motion for the wedge in the x direction is.
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-N sin B = MX (3)

The equation defining the constraint that the mass m stays on the

wedge is -

—Y - tanB @)
(% - X)

From (2) and (3) we have

%=-2y 5)
Eliminating N between (1) and (2) and using (5), we obtain

my = mg + M cot B X (6)
Eliminajing x between (4) and (5), we obtain

X = -§ cot B2 + 17! (1)

Eliminating y from (6) and (7), we obtain the acceleration of the
wedge along the table:

-mg cot B
(M+m)+M cot2 B

X =

(V-3) The tension in the string is less than it would be if the 5 kg

block were glued down,

(V-4) The Coriolis force -29 x v is in the forward tangential
direction. Therefore it is in the direction of rotation,

(V-5) Since the angular momentum has to be conserved, we have

J = 18 = constant. (1)
Since I is proportional to Rz, (1) becomes

2
R 6 = constant

or
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AR . A8
2R +-5— 0.

Therefore, a one percent decrease in R results in a two percent

increase in §. The rotational energy is

2 1.
9 -'5-]90

Nlt—l

R.T.

which is proportional to §. Therefore the rotational energy
increases two percent,
(V-6) Let 8 be the angle between the rod and the vertical line,

The equation of motion is

o . L .

19 = -(Mg sin 9)3 - KL sin g
For small o,

sing~#h

so

(%MgL +KL)§ +1§ = 0

or

(3'[55+ e+—e-o

where I = -:I;ML2 is the moment of inertia of the rod about one end,

We obtain

_ [(3(Mg + 2K))
- \/ 2ML

or the period

2 —_(2ML)
T=0 =2 |B@EK + Ma)
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(v-1)

M M M M

K K
- - — -
(a) Symmetric case (b) Antisymmetric case

The equations of motion for small angle motion are

2
Mge—+ ML §=0 and Mge—+ 2KL.6 +M;;-O = 0,
with corresponding frequencies
. e . [(3(Mg + 4K))
@ 2L and w ML
5

(v-8) 3 x 10
(v-9)

(c) Get there together.
(V-10)

(b) The displacement of the spring,

) x Volume x g When g

de (pwater P cork effective’ effective

degreases, d decreases.

(V-11) Singe the square of the period is proportional to the cube of
the radius, the period of the second satellite is 1. 5% larger.

(V-12)
2R
a. At t=0, v=0; therefore —m =1,
2R

b.. For two drops of the same mass, the terminal velocity is
proportional to the inverse of the drag force. Therefore we get the
ratio
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'R _ 2R
oo C®R &
2R

(V-13)

a. Both forces satisfy the condition that

3F aF
! =—x. etc.
oy dx

Therefore for both forces a potential function can be defined,

V1 = -2xyz + 6 xzyzz2 + constant

and

V2 = -(xy2 + yx2 + x22 + zx2 + yz2 + zy2 + 2xyz) + constant.

b. Both forces conserve the total energy.

(V-14) The equation of motion in the x direction is

mx = umg
or
X = pg. (1)

The torque equation with respect to the center of the ball is
I§ = -umgr 2)
where I is the moment of inertia and

x = ugt 3)

9.-%}“«, (4)
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The condition that at t = t, the ball begins to roll without slipping is

1
rd = x, (5)
Using (3), (4), and (5), we obtain
r(y - —5-ugt ) = ugt

2r 1 1
or

t, = —. (6)

a. Using (6) and (3) we obtain the final linear velocity of the

center of mass-

s -2
Xem T ugt, = 7 r L. (7)

b. The distance the sphere travels before achieving this velocity

is
1 2 1 _2ry2
S = "z-ugt1 = zqg(.?ug)
- 2r2»2
49ug °

b. Since there is no external torque, the angular momentum

with respect to the instantaneous axis must be conserved, Therefore

Io» = Iw (8)

where [ is the sphere's moment of inertia with respect to the

instantaneous axis,
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Therefore
)
CPa

69

The linear velocity v, = rw, = -?T-rw which is the same as that in (7).

f

(V-15)

a. The angular momentum is

- A A A
= i +
J Ilwll + 12w23 Iawsk

A A
= Ilw singi+ Ism cos 8 Kk,

A
and k is the symmetry axis, I, > 1.

2 2 2
= + +
where w w w w 1 3

1 2 3
b. The precession frequency is

wcose(Il-I

w =
P L

3)

which is an immediate result of Euler's dynamical equations,

(V-16)

a. The effective potential is

J2
U =2 + V(r)
eff 2 *
2mr
For

2
kr
v(r) = 5

the effective potential is shown in the figure,

(1)

(2)

b. The condition for circular motion is that the total energy E

is equal to the minimum value of Uet‘f' The equation
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dUeff

dr =0

r=R

enables us to find R, the orbit radius.

c., If
r2
V(r) = k—2 ,
2
J 2
__ o kr
Uetr 3
2mr

From the equilibrium condition, we have

dUeff v2

T =m-ﬁ-kR=0
or

vi2 k

®R "=

The angular frequency is then vk/m.

70
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(VI-1)

f—a—N\
a,. It is straightforward to calculate Ix and Iy.
)" = L ma (1)
2 12
I ==m(=)" =<ma (2)

For a thin plate, I isthesumof I_ and I .
z x y

5 2
= + = —
Iz Ix Iy Thadh (3)
A A & :
b. Let i, j, and be the unit vectors along the x, y, and

z axes, respectively. The angular momentum with the angular

velocity w not along any of the principal axes but in the x-y plane is

-

A A
ILwi+ILw]j
X x yy

A
Iwcos&’i\+lywsin6j

x
= -,%mazw cos b 'i\ +%ma2w sin § S'\. (4)

where we have used (1) and (2) for I and Iy. Note that § is the
angle between w and i
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c. The torque on the axis of rotation is

-
dL, (5)

-
d
where (ﬁ) means the time derivative of the vector L, performed

in the inertial system. A general relation is

-+
dL, _
@) -
o

T (6)

-
+w x

a8,

The first term on the right side of (6) is zero in the rotation system;

therefore the torque is
N=0xL

A
(%mazm2 sin § cos § - -llzmazw2 sin § cos 8)k

A
= -;-ma.zm2 sin § cos b k.

(VI-2) A rocket travels in a circular orbit of radius ro. The

centrifugal force must equal the inverse-square attractive force

02

mroe = (1)

o"ml*’

Therefore the angular momentum

J = mer2 = J mkr (2)
o o o

Eight percent increase in the speed results in eight percent increase
in the angular momentum too, Therefore J = 1.08Jo. The

differential_equation for the path of the rocket is

=

2
9—‘214-1]:—"1- (3)

ds J
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where

=
"
"

The solution of equation (3) is

1 1
r==—-= 4)
u km + A cos ()
2
J
where A is a constant, Using the initial condition
I
r=ro=m for 6 =0,
we obtain
J 2
1 km 1 0, .~ 1.
A== -T2 1-6) %014 (5)
x.o J 2 t‘o J o
Therefore
I‘o
r=0.86+0.14 cos § (6)
Energy of the system

v=108v,

1171,

14g,

New orbit

*

|

((J2/2mr?) - K/r]

Therefore the maximum distance is 1.40:‘0.
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Alternative solution:

Let V and R be the velocity and the distance of the rocket when it
is at the maximum height. Since angular momentum and energy are

conserved, we have

mvr_ = mVR (7)
and

1 2_k _1 =2 k

Emv -r—o-zmv R. (3)

From (7) and (8) we get

=—Y __r (9)

From (1) we find

2
o

-k
kot (10)

1
Zmv
o

From (9) and (10) we find
Ra 1.4r .
o

(VI-3)

Let bl' b2 be the original lengths of springs 1 and 2 when the

whole system is at equilibrium and the disc is not rotating., If 8§ is
the angle the disc has turned away from the equilibrium position,
then spring 1 is stretched by a distance X, = af. If spring 2 is
stretched by a distance X5 the weight is lowered by a distance
The kinetic energy of the system is:

a
=—=0 +
X 29 x

3 2°

Kinetic energy of the disc = %Iéz

azéz 1)

w8
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MY
e

1

-~
p——
thy 4 v)) 5
-
-~
-{'

o - — A

n -‘
\
|
1 2
Kinetic energy of the weight S mx,
. e 2
=2 Ghexy (2)
The potential energy of the svstem 1-
1, 22 1 2
V = Eka 8 +-2-k)¢:2 - mgx,3
1. 22 1 2 a
= -§ka 2} F-z‘}\xz - mg(Ee + Xz) (3)
Therefore the l.agrangian function 1s
L=T-V
202 I 2 2, k, 22 2
m . m.,a K] . K4 Z a
=ga’h +3(—4—e +adx, + .\2) - TZ-(a 87 + x:) + mg(-2-9 + x2). (4)
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The Lagrange's equations are

d oL _ L daL 3L
dtﬂ; X, =0 and dqt 58 26 0. (5)

Substituting (4) into (5), we can immediately get two equations of
motion,
(VI-4) Let x be the displacement of the mass from its equilibrium

position at time t; the spring is stretched by a distance

X =x exp (iwot). The equation of motion is
m# + bx + kx = kx_ exp (iwot)

which has a particular solution (steady-state term) of the form

kx
[

x = cos (wot -95)
\/((k - mmi)z + bzmi)

where

tan § = — -
) k - mw
o
The amplitude of the resulting motion after a long time is

kx
o)

S - ma?? + v2ud).

(VI-5)

$
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a. The kinetic energy of the cylinder can be decomposed into
two parts, one involving the translation of the center of mass, and the
other involving rotation about the center of mass, Let 8§ be the
angular velocity of the cylinder. The kinetic energy T can be
written:

1o .2

T=_296 + IR 0% 1)

SE]

where

for a solid cylinder. The constraint of rolling without sliding is

aé = (R - a)5. Hence (1) becomes

T =%(R - a)%2 +%(R - a)2%2
=%m(R - a)%2 (2)

The potential energy is
= -(R - a)mg cos & (3)
(V=0 for 6 = 90°)

The Lagrangian function 1s
L=T-V=?Tm(R-a)252+mg(R-a)cosb. (4)

b. Substituting (4) into Lagrange's equation we obtain the
equation of motion

%(R -a)§ +gsind =0, (5)

-

c. For small § we have sind - 5, and (5)-becomes

2

8+ 3wt * 0
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from which we get

-/_.z.s_.
T JVER-a)

(V1-6)

a., To determine for which values of x the series converges,
we make use of the ratio test which states that, if the absolute value
of the ratio of the nth term to the (n - 1)th term in any infinite

series approaches a limit A <1, the series converges, We have

2 n! x"(n - l)n-1 _nx(n - l)n"1 _m-1 n-1 1,n-1
R=z *™h n-1 n e x=0-0
n-1 ni(n-1)!x n
. 4% as n- o, (1)

Therefore the power series converges absolutely for |x| < e. For
= -e we find the signs of successive terms alternate and the

successive terms always decrease in magnitude and the nth term

approaches zero. Therefore the power series converges at x = -e.

For x = e, by using Stirling asymptotic expansion:

1 1

n! _1/2 -n,__.1/2 1
—cn'e (2m) [l+12n+0(-n—2-)].

n

We have from (1)

1 1
R-1+ﬁ+o(-;§).

Therefore the series diverges at x = e accor ling to Raabe's test.

b. The integral

o
cos mxdx

® (x+c)2+a2
imx
-Re/ 7, 3



Solution Set of Mechanics »n

imz
=Ref e ds g (z = x + iy)

(z+c) +a

where the integration is carried out in the upper (lower) half plane if
m is greater than (less than) 0, Therefore for m > 0,

I = Re (27l Res (z = -¢ + ia))
im(-c + ia)

= Re (2mi T)

T
= 3 %P (-am) cos cm,

and for m< 0,

I = Re (7i Res (z = -c - ia))

eim(-c - ia) -
= Re (2mi --—Zia——) =— exp (-a|m]) cos cm.
(VI-7)
Ellsprcal orbit

Precession of orbit \ /

/ /

: /

\ ,/

\\ /”

From Kepler's first law, we know the earth must be at one
focus of the ellipse, *

The atmospheric drag must occur when the satellite is close to
the earth, Let -AP be the loss of linear momentum of the satellite
during each revolution due to the atmospheric drag. The angular .

momentum loss is then

AJ = -AP R, (1)
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where R1 is the special distance from the earth to the pericenter,
The eccentricity e is related to the angular momentum by
2 2
e = (2EJ + 1)1/2 o1+ EJ @)
2 2
mk mk

where E is the total energy of the system and k is a constant
defined by potential V = - mk/r. For an elliptical orbit, E is
negative and 0< e< 1, Differentiating (2), we get

re _ J2AE + 2EJAJ
fe JoE:2EIM 3)

emk

where AE is the energy loss per revolution, Using the relations

2

4 __2(E - V(R,) and AE = —ap - AL
2 1 m 2

le mR,

we get

Ae (2E - V(R )2JA3

£2- 5 . (4)
emk

For an elliptical orbit, we have

2E - V(R )=mk(—1—-l)>0 (5)
1 R1 a

From (4) and (5) it follows

Ae

-e—< 0, (6)

since AJ is negative. From (6), we see the eccentricity is
decreasing. The satellite is getting closer to the earth after each
.revolution, The orbit becomes more and more like a circle.

The major semiaxis, a, is proportional to 1/W, where W
is the binding energy, W = -E. Since the satellite is losing energy,
W 1is increasing. Therefore a is decreasing. The period, T, is
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also decreasing since, according to the third law of planetary
motion, the square of the period is proportional to the cube of the
major semiaxis,

Since the rocket is losing energy due to the atmospheric drag
when it is close to the earth, it spends more time in getting out of
the atmosphere than falling into it. The angle corresponding to the
closest approach is increasing for each revolution. Therefore the
direction of the precession is in the same direction of the motion as
shown in the figure. The distance of the closest approach R1 as

obtained from conservation of angular momentum and energy is

R =-.L_(i+‘]_2.)1/2
1 2E 4E2 2mE
2
o,k 2%E2
2E 2E 2
mk
2
k k JE
~-ErEIt—
mk
2
2mk

since E is negative. Hence R1 decreases as J decreases.

(VI-8) The pipes are horizontal; therefore, there is no potential
change. The kinetic energy per unit volume is %,pvz at point C
and %pvg at point B, v_ is given to be 20 cm/sec. Vo can be

B
found based on the law of conservation of material:

v.=v Area (B)
C "B Area (O)

= 120 cm/sec,
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The pressure difference between C and B follows from the

conservation of energy for 1 cm3 of water

1 2 1 2

Pp - Po=3fVc " 3°'g

= 7000 gm/ seczl cm

which should equal the pressure difference due to the difference of

water levels at C and B,
gh = PB - PC;
hence h~ 7 cm,

(VI-9)

45°
m 2 2m

Since the three point masses are in a plane, the axis
perpendicular to this plane is a principal axis at P. Let us call
this the z-axis,

az az az
Iz = 3m-§- + 2m-—2- +m-?
2 ()

= 3ma .

It is easy to see the hypotenuse must be a principal axis since there is
only one point mass not on this axis. Hence

2
L= Zm% - ma® @)
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Using the relation

I +1 =1
X y =z

we find I tobe 2ma?,

(VI-10)

a. The density of helium is about 1/7 of the density of the air,
Since the balloon is surrounded by air, one simple way to solve the
problem is to imagine that the balloon is of density - gpair and
neglect the effect due to the presence of the air. We find the
effective gravitational acceleration is - -gg and the effective
centrifugal acceleration is - 6—: where

2 g8y 88 2

=—2—"— ft sec

v 2
a= g =3 5280 = 22.4 cm/sec”.

Therefore we get

6
“F3 g P
tan § =Eg— =E-g—n= 0.0228
7
or
o =tan" ! 0.0228~ 0.023 radians ~ 1.32°.

b. In the opposite direction of the radius vector,.

(VI-11) Let T be the tension of the rope. At equilibrium we have

the relation .

2T =W or T = 75 1bs,

(VII-1) The Fourier series expansion of any function f(t) is

A ® ®
£(t) =-§2+ Z A cos ntw)+ I B sin (ntw) 1)

n=1 n=1
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a. First we notice that the function f(t) is an even function of
t; therefore all Bn must vanish, Furthermore, the signal is
periodic, with period T1 ; so we have the condition that

f(t + Tl) = f(t). (2)
Using (1) and (2), we obtain

w=w15-2—". (3)
1

Equation (1) becomes

A
21mt) _22 . (4)

f(t) = 2 A cos (
n=1 1

It is easy to see that the sum of many Fourier components with

approximately equal amplitudes vanishes except in the region where

most of them are in phase. In order to produce the given wave

pattern, most of the Fourier components must be in phase when the

wave is at its peak value, i.e.,

cos (nw 1t) ~ 1

when

mT1_<_t_<_(mT1+At) m=1, 2, 3, ...

which leads to the condition

1

wlAt

mnlAt<<1 or n<<

Therefore we conclude that

A ~ const for n<<—1—
lAt

and the remaining components should be small enough so that they do
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not significantly disturb the wave pattern, i.e,,

1
An" 0 for nl)q&t-

Therefore we get the following pattern:

An
A(w) for a single clapping (case b)

/

| —— Case (a)

4w, nw, ~ 1/4t nw > 1/At

3w,
2w, w = nw; << 1/At

w,

b. Let T2 be the time interval over which we observe the
single clapping. T2 can be arbitrarily large but still finite. If we
let Tl' the time interval between two successive clappings in a.,
be greater than T2, we can apply the conclusion we reached in a. to
the present problem., However w, defined in (3) becomes very
small in this case when T2 becomes arbitrarily large. It follows
that the spectrum for a single clapping is continuous,

The same conclusion is reached if we started with a Fourier

transform, i.e,, if we define

) S
t) = — Alw)dw
f(t) 5 = e ()
with
® At/2
1 W' 1 iw't
aw ==l t0ea s 2= ) o e,

We get a continuous spectrum as shown in the figure.
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(VII-2)
a. S is unitary, therefore

s*

S=1, (1)
Using the given expression
S=1-2iT

we obtain

(1+2iT)(1 - 2iT) = 1
or

t

1-2T-TH+4T T=1. @)

For ’Tij, <<'1, we can neglect the T'T term. Equation (2)
becomes

T-T =0 o0r T=7

i.e., T is Hermitian,

b. From equation (2) we have

it - th = 27",

For the elastic case, i.e., a-+ a, we have for (3)
1(<a|'r|a>-<a|'r*|a>)=2 2<a|T*|n><n|T|a>
n

where

Z |n><n| =1,
n

and |n> is a complete set of intermediate states. Since

+ e
T, =T
aa aa
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the above equation becomes

%
iKa|T|a> - Ka|T|]a>))=T 2< aITf [n>< n|T|a>.
n

Using the relation

*
.-Ti)=21ImT.

(Ty; = T3 1]

we obtain the result

Im Ka|T|a>) =-Z<n|T|a >2,
n

(VII-3)

1— - — CM
L—-L =05 m———l
If the resultant force R poikts to the edge of the crate, the

corresponding h will be the maximum height before the crate turns

over. Therefore we have for the torque equation
1 h
mgL = ma (Eh) or 9,8(0.5) = 6(3)

thus

h = 1,6 meters.

(VII-Q) *
a. Since the box and the cushion are in a state of equilibrium,

the vertical component of the forces must vanish, Tlerefore
mg+kx=0

where x = -6 cm 1is given., Therefore
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- mg
k s °

(1)
The natural period of vibration is
T = ZWE: 21r\/§~-;-sec.
b. The equation of motion when the floor is vibrating at
Aeimot is
iw t
mx + kx = Ake ° )

where we have taken the new equilibrium position as x = U, Using

(1), we rewrite (2) as

Wt
sa+§x'=%e o 3)

from which we obtain the steady-state solution

A em;ot
2
()
-——+1
g€

Therefore the ratio of the amplitudes is

1 5 ~0.01 for w_ = 407/sec,
&”0

1 - —

(VII-5)

a. The vertical motion of the anchor will result in the Coriolis
force

i-"=-2m5).x3

acting on the boat.
b. The boat will move westward.

c. Let v be the speed of raising the anchor. Then the
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acceleration of the boat is

- 2muv
m+M

where m 1is the mass of the anchor and M is the mass of the boat.

Integrating over the time interval T = length of the mast/v,

V=fT f vdt = S

0 m+M

where S is the height of the mast. Therefore

2 x 200 x (7.29 x 10_ )x20

A\ 1200
-4,9x 10 2
sec,
(Note: w=2F - —2:288__ . 7,29 107 rad sec™)
0.864 x 10

Alternative solution to (VII-5)
(c) Since angular momentum of the boat and the anchor with respect
to the center uf mass of the earth in an inertial frame is conserved,

we have

(M + m)rzm = (Mr2 + m(r + s)z)w'

or
2msw

1 - ——————

wirw (M + m)r’

The relative velocity with respect to the water is

2mw

M+m S (westward).

-\7=r(m'-w)=-

(d) The boat actually loses kinetic energy due to work done onto the
centripetal force.
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(VII-6)
a, Let R o be the natural length of the spring. From the given
equilibrium condition we have the following relation:

L
k('z' - Ro) =mg
Therefore

m,g
L 1
B2 % W

‘The elastic potential energy of the spring stretched to the length R is

k 2 ™8 2
=(R - = - _ +—_—
sR-R)=3 rm =) -
The gravitational potential energy of the rod and the ring is
-m,gRcosf -m -I—"-cose
18 283 y

(Note: The gravitational potential energy is taken to be zero when
6 =90°.)

The kinetic energy is the sum of rotational energy and translational
energy,

The Lagrangian of the system is

L=T-V
m,
-%mszéz —L1&%+Rr%% + (m 8R +m, g—) cos ¢
m.g 2
k L 1
~gR-FH—) . (2)
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b. Substituting (2) into Lagrange's equations

daL 3L _,
at 55 28
and
—d-aL_gl.:so
dt 3R R

we obtain the equations of motion,
2 1 2. L
(mlR + 3m2L Yo + (mlgR + ng—z-) ging =0

and

2 1
mlﬁ +(k-m8 R +mlg(1 - cos §) - gkL = v
L L
c. For 8<<1 and (R - -E) << 2 (3) and (4) become

2,1

2. L. _
(m1R + 3m2L )8 + (m, gR + m,zg-z-)e =0

and

o L, _
mIR*’k(R--E)-O

9l

3)

4)

(5)

(6)

where we have used cos 8= 1 and § = 0. From (6) we immediately

get the frequency of one of the normal modes

mf;nE

(VIII-1) A function that is real and analytic can be expanded into a

power series

f(x) = EJ a xn
n=0 n

but
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xn-o- as x+ o if n> 0,

Thus, if f(x) is analytic, as x+ =, all an(n> 0) must vanish,

Therefore

f(x) = a, is a constant,

(VIII-2) The rotation matrix R is
cos® sing 01

R= = .
-8in 9 cos @ 9=00° -1 0

The vector V in the new coordinate system is

e (22)2)
(<)

The tensor in the new coordinate system is

822 a

l 21)
12 %nn
(VIII-3) If * is not zero, the left side of the differential equation

2
vzf -a f=-47b (i'.) can be written explicitly in spherical coordinates
(r, 8, ). We have

™ =R'TR -
-a

2
-a—z'(rf) + Lf - azf

ar

LGN

vzt - azf =

where L is an operator « epending on

2 >
20 2 3¢
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for
-ar
r=5—,
r
We have
-ar
vt - ot - -rl-(—a)ze ar _ 2e — =0 (1)

where we have assumed that r £ 0.
For r-+ 0, we calculate the integral I = f (vzf - azf)dv which

integrates over a sphere of radius a with center at r = 0. By
straightforward calculation and using the divergence theorem, we

have
a
I =fvf . d§ - aszdV = 41 - aae-aa - a2f0 e ar41rr2dr

In the limit a-+ 0,
I=-47 (2)

Combining (1) and (2), we have

vzf - azf = -41r6(;). (Refer to (II-1) of E & M for details, )

{VIII-4) The position (x, y) of the point mass in terms of L, h(t),
and 0 is

x =L sing
y=h(t)+Lcose=h° cos wt + L cos 9. (1)

Differentiating (1) with respect to t we get

x=6Lcose

y= -(wh_ sin wt + 6L sin g) (2)



Solution Set of Mechanics 94

The kinetic energy is

T = %m(:'n:2 + }.’2)
1,222 2 . ¢ .
= -z-m(e L cos ¢ + esz sin2 6 + wzh: sin2 wt+2mhneL sin 9§ sin wt)
2.2 .
= %m(e L™+ wzh: sin2 wt + Zu;hoeL sin 8 sin wt). (3)

The potential energy is

V = mgy
= mg(h  cos wt + L cos ). 4)

The Lagrangian is

L=T-V= %(ész + wzhi sinz wt + 2whoéL sin g sin wt

- 2g(ho cos wt + L cos §)). (5)
Substituting (5) into the Lagrange's equation

we get the equation of motion

L2'é + wzhoL sin § cos wt + whoLé cos § sin wt
- whoLé cos § sinwt - gL sin 6 =0
or

L§ +w2ho sin § coswt - g sing = 0,

In the case of small oscillation, we redefine 8' =8 - 7; thus
sin g = -sin p' = -9°'.

We have then

L' + (g - wzho cos wt)e' =-0.
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If the hinge is fixed, i.e., ho = 0, this is the equation of motion for

a simple pendulum,

(VIII-5)
a. No, they are not thz same because of the presence of the
following effects:
i. Coriolis acceleration: -2u x v.
ii. Gravitational force decreases as distance increases.

iii, Centripetal acceleration®

2

v A
—_0r. .
r

1
iv. Fricticn forces between the air and the pendulum,

v. Relativistic effect:

vi. Acceleration at taking-off and landing.
vil, Acceleration due to the orbital movement of the earth,
ete.

b. Let us use the inertial system with the origin of the
coordinates sitting at the center of the earth as the reference system.
The Coriolis force (Zm&' X 3) vanishes in this system. The
effective acceleration of gravity E at the earth's surface for an
object with angular velocity w is

g <-GML P x@xR)
eff R2

A JAY
(- ¢ +u?RIR = gR oy
R

i.e.,

_GM_ 2 - _
geﬂﬂg-(Rz w R) g, w R
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where g, " GM/ R“, The period of a simple pendulum is known to be

L
=2r [ —

where L 1is the constant length of the pendulum. The jet W flies
westward, The angular velocity of the plane W observed in the

inertial system is zero. Therefore

’f: FL— 2
Tw'-' 2w [ — = 27 -—I:-‘—z—— = 27| — ____2 ~T°[1 +w R]-I/Z (2)
€ Veg+u°R 8J1+wn g
g€

where To =27 ’% is the period of the clock sitting at the airport.
The jet E flies eastward. The angular velocity of the jet is 2w,
where w is the angular velocity of the earth. Therefore

TE=2W/ Lz =27/—-L—2=2W’£—12—
g, - W R) g - 3w R €/, _ 3R

g
2_1-1/2
3w R
o]
Using mzR << g, the periods of the two pendulums can be
approximated by
1 3w2R 3AT
TE'T0+§T0 2 ;To+ 2
g -w R
o
and
1 mzR AT
TWBTO-ETO 2 ‘TO-T
go - R
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R=6x106m

T =24hrs
o

and

we obtain

41r2 x 6 x 106
9.8 x 3600 x 24

280 sec.

AT

Since TE is larger, the clock E goes slower while the clock W
goes faster. When the two jets arrive at the airport, clock E is
slower by 420 seconds while clock W is faster by 140 seconds.
Both are compared with the clock at the airport.

(VIII-6)
a. Since the sun is a sphere, the force is simply
~GmM )

2 .
r

f =

b. According to general relativity, the gravitational potential is

of the form

GM , A
—¢s—r—-+? (2)

where A canonly dependon ¢, G, and M, -
Let D(A) stand for the dimension of A, From (2) we find the

following relation,
D(A) = D(GMr). (3)

Using the relation

pE2M) . pmc?) = Dienergy)



Solution Set of Mechanics

we obtain

D(r) = D(%M).
(]

From (3) and (4) we have

(G2M2
2
c

D(A) = D ).

Therefore

A GzM2
~ 2 .
c

c. The ratio of the second term to the first term in (2) is

GM _ 1.3 x 1026
re2 1.5 x 1013 x 9 x 1020

which is very small for the earth. Mercury is the only one which

shows a large effect.

] 10'.8

98

(4)



ELECTRICITY AND MAGNETISM

(I-1) (20 points)
(a) What is the ratio of the skin depth in copper at 1Kc/sec to
that at 100 Mc/sec?
(b) What is the electric field associated with a laser beam
having an energy density 106 joules/ cm3 ?
(c) What is the relation between R, L, and C for critical

damping in a series LRC circuit ?

(I-2) (20 points) Suppose an electron is oscillating in a SHO potential
with an angular frequency w = 1015 rad/sec and amplitudes A = 10-8
cm.

(a) Calculate the amount of energy radiated per cycle.

(b) What is ratio of the radiated energy per cycle to the

mechanical average energy ?
(c) How long will it take the system to radiate away half of its

energy ?
(1-3) (20 points)
(a) What is the interaction energy between two parallel dipoles,
99
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separated by a distance d? Assume that the vector joining
them is perpendicular to the direction of the dipole moments.
(b) Two conducting spheres, each of radius R, are placed at
a distance d from each other. There is a uniform electric
field, ﬁ. perpendicular to the line joining them. Assuming
R << d find the force between the spheres.

(I-4) (20 points) Consider a cylinder of radius a and length L

filled uniformly with a completely ionized gas of charge density p

which is moving parallel to the axis of the cylinder with a velocity Vi)
(a) Find the magnetic field at a distance r from the axis.
(Neglect end effects.)
(b) Suppose a parallel beam of energetic protons of mass m,
velocity V' are shot into this cylinder with their initial
velocity parallel to the axis. This system can be used to
focus the protons to a point on the axis. Assuming that L is
much smaller than the focal length, and neglecting electrostatic
and relativistic effects, calculate the focal length. (Focal
length = distance from the end of the cylinder to the focus.)

(I-5) (20 points) Starting from the fact that (Ax. Ay' Az' iv) isa
4-vector, calculate the field of a point charge in uniform motion by
making a Lorentz transformation from the rest frame of the charge
to the laboratory.

1

(II-1) (15 points) Prove that v2 - = -4mb ().

¢
(II-2) (15 points) Four positive and four negative charges are
alternated at eight corners of a cube such that the three charges
adjacent to each charge are opposite in sign to that charge What is
the radial dependence of the magnitude of the resulting electrostatic

field at large distances?

(I1-3) (15 points) Two electric dipoles lying on the x-axis and
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oriented along the z-axis oscillate exactly out of phase, Their x-
coordinates are separated by A/2. Calculate the Poynting vector at
large distances.

1/

A

(11-4) (15 points) Two identical and coaxial superconducting loops
each of self-inductance L are far apart. Each has a current I
flowing in the same direction. They are then superposed. What is
the final current 1'1‘ 2 in each loop? What are the initial and final

energies of the system? Account for any energy changes.

(I1-5) (15 points) In the following circuit, patented by Steinmetz, the
applied voltage is at a frequency of w =1 VLC. Determine the
amplitude and phase of the current through the resistor in terms of

the voltage and the circuit parameters.

VvV
~

C=

AAA

(II-6) (15 points) A plane electromagnetic wave is incident normally

on a conductor whose dielectric constant and permeability are that of
free space. The frequency and eonductivity are such that, within the
conductor, the conduction current and displacement current are equal
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in magnitude. What is the reflection coefficient, i.e., the ratio of
reflected energy to incident energy?

(II-7) (10 points) An uncharged conducting sphere is placed in a
uniform electric field, What is the angular and radial dependence of
the perturbation produced by the sphere upon the uniform field at all
points outside the sphere?

(III-1) (20 points) A classical electron moves in a circular orbit
around a proton, Derive a differential equation for the electron
energy, taking into account the classical radiation loss. On this
basis calculate the approximate time it takes for a weakly bound
(almost free) electron to fall-into the first Bohr orbit.

(II1-2) (20 points) What charge distribution gives the spherically
symmetric potential V(r) = e **/r?

(III-3) (10 points) A plane EM wave with an electric field E = 106
(cgs units) is incident normally on a plane dielectric medium, with
dielectric constant ¢ = 1,44, Calculate the pressure exerted by the
radiation on the dielectric. (Assume the index of refraction n =+¢.)

(III-4) (20 points) A capacitor is made of two concentric cylinders of
radius ry and ry (r1 < rz) and length L >> Ty The region
between ry and rg = »f?l'?; is filled with a circular cylinder of
length L and dielectric constant K (the remaining volume is an air
gap).
(a) What is the capacitance ?
(b) What are the values of E, P, and D at a radius r in the
dielectric (r1 <r< rs)? In the air gap (r3 <r< rz)?
Assume a potential difference V between £ and Tge
(c) How much mechanical work must be done to remove the
dielectric cylinder while maintaining this constant potential

difference between ry and rz?
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n

s L N
(II1-5) (10 points) A coil of N turns is wrapped around an iron ring
of radius d and cross section A (d>> A)., Assuming a ‘constant
permeability u>> 1 for the iron:

(a) What is the magnetic flux § = f BndA as a function of

[

current I?

(b) If a gap of width 6(62 << A) is cut in the ring, what is the
flux for the same current 1°?

(c) What is the field energy in the iron? In the gap?

(d) With such a gap in the ring, what is the self-inductance?

(I1I-6) (20 points) A very small circular loop of radius a is
initially coplanar and concentric with a much larger circular loop of
radius b (a<<b). A constant current I is passed in the large loop,
which is kept fixed in space, and the small loop is rotated with
angular velocity w about a diameter. The resistance of the small
loop is R, and its inductive reactance is negligible,

(a) Calculate the current in the small loop as a function of

time. *

(b) Calculate how much torque must be exerted on the small

loop to rotate it.

(c) Calculate the induced emf in the large loop as a function of

time,

@@v-1) (5 points) Calculate the electrostatic energy of three charges
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qQ ¢ and -q located at the vertices of an equilateral triangle of
side a.

(IV-2) (5 points) State within a few powers of ten the ratio of
electrical to gravitational force between a proton and an electron,

(IV-3) (5 points) A point charge q is at a distance d from a
conducting plane, How much energy is required to move the charge

infinitely far from the plane?

(IV-4) (5 points) A uniform electric field Eo in the x-direction is
produced by an appropriate charge configuration., A thin sheet of
.charge o per unit area is placed perpendicular to the x-direction at
x = 0. If the initial charge configuration is assumed to be
undisturbed by the presence of the sheet, what is the total electric
field on each side of the sheet?

(IV-5) (5 points) Consider two concentric spherical metal shells of
radii ry and ry (r2> rl). If the outer shell has a charge q and
the inner shell is grounded, what is its charge ?

(TV-6) (5 points) What is the magnetic field inside a long, straight,
uniform wire of radius R which is carrying a current I?

(IV-7) (5 points) Two identical iron toroids are wound with N and
2N turns of identical wire, respectively. Assume that the 2N turns
requires exactly twice the wire length of the N turns. If the toroids
are connected in series, what is the ratio of the potentials across the
two windings when:

(1) direct current flows in the windings ? .

(2) high-frequency alternating current flows ?

(Iv-8) (5 points) A long, thin wire carrying a current I 1is placed at
a distance d from a semiinfinite slab of soft iron. The wire is
parallel to the surface of the iron. If we assume the iron to have
infinite permesbility (.e., u = =), what is the force per unit length
on the wire? State whether it is repulsive or attractive,
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(IV-9) (5 points) A small, uniformly magnetized bead of volume V is
located at the center of a circular loop of radius r carrying a
current I, If the magnetic moment per unit volume of the bead is M,
directed parallel to the plane of the loop, what is the torque acting on
the loop ?

(IV-10) (5 points) The two rails of a railroad track are insulated
from each other and from ground and are connected by a
millivoltmeter. What is the reading when a train travels 180 km/hr
down the track, assuming that the vertical component of the earth's
field is 0.2 gauss and that the tracks are separated by one meter?

(Iv-11) (5 points) An electric dipole, m, 1is located in a region of
constant electric field, E, at an angle o to the field. How much
work is required to rotate the dipole 180° about an axis perpendicular

to m?

(IV-12) (5 points) A very long, thin rod of dielectric constant K is
placed in a homogeneous field Eo parallel to the direction of the
field. What are the values of E and D in the interior of the rod?

(Iv-13) (5 points) What is the relation between R, L, and C for
critical damping in a series LCR circuit?

(IV-14) (5 points) The average light intensity on the earth's surface
is 1.3 x 10° joule/mz/ sec., What are the peak values of the E and
B fields in volts/m and w/ m? assuming that the light is
monochromatic ?

(IVv-15) (5 points) What are the boundary conditions for the electric

field vector at the interface of two dielectrics, when a surface charge
of density & is present at the interface?

(IV-16) (5 points) How does the potential of an electric dipole depend
on the distance r from the dipole ?

(Iv-17) (5 points) Give a rough estimate of the magnetic field
strength at the aufface of the earth,
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(Iv-18) (5 points) What is the electric potential inside an isolated
conducting spherical shell of radius R carrying a charge Q?

(IV-18) (8 points) Give expressions for the energy density and
momentum density of electromagnetic fields in vacuum,

(iv-20) (5 points) Give the magnitude and direction of the Poynting
vector at the surface of a long straight wire of circular cross-section
carrying a direct current I. The radius of the wire is b, and the

resistance per unit length is R.

(V-1) (5 points) Consider a parallel LC circuit operated at a
frequency w below its resonant frequency w . Is its reactance

capacitive or inductive ?

(V-2) (5 points) What is the force on an electric dipole of strength P
in a uniform electric field E?

(V-3) (5 points) Suppose N identical capacitors are connected in
parallel to a potential difference V. What is the potential difference
obtained when these capacitors are reconnected in series, their
charges being left undisturbed?

(V-4) (5 points) Two identical coils, each of self-inductance L, are
connected in series and placed so close to each other that all the. flux
from one coil links the other. What is the total self-inductance of
the system ?

(V-5) (5 points) An isolated metallic object is charged in vacuum to
a potential Vo' its electrostatic energy being Wo. It is then
disconnected from the source of potential, its charge being left
unchanged, and is immersed in a large volume of dielectric, with
dielectric constant K. What is its electrostatic energy ?

(V-68) (5 points) In a spherical electromagnetic wave, how does the
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magnitude of the electric vector depend upon the distance r from the

source, for large values of r?

(V-7) (5 points) An electromagnetic wave is normally incident upon a
perfectly conducting surface, In the reflected wave, has either the E
or the H vector shifted 180° in phase, and, if so, which one?

(V-8) (5 points) Consider two charged metallic spheres, each of
radius R, separated by a distance d (d> 2R). One sphere carries
a charge +Q and the other a charge -Q. Is the force between the
spheres greater than, equal to, or less than the force between two
point charges +Q and -Q, separated by a distance d7?

(V-9) (5 points) Give an expression for the force per unit length
between two long, parallel wires separated by a distance d, 1if the
wires carry equal currents I flowing in the same direction, State

whether the force is attractive or repulsive,

(V-10) (5 points) A laboratory C magnet has a pole diameter of 15
cm and an air gap of 1 cm. The iron path is 1 meter. The magnet
is wound with 22, 000 turns of copper wire,
(a) Taking the initial permeablility of iron to be*1000, compute
the induction per ampere in the gap in webers/ mz-amp.
(b) For currents above 0.5 amperes the magnet appears to
saturate. Using the B-H curve given below graphically
estimate the induction for a current of 1 ampere.

- 1 1 1 Ll T 1 T
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(V-11). (20 points) Consider the simple system shown in the diagram
to transform electrical into mechanical energy. Two long parallel
guide wires, of zero resistance, separated by a distance £, are
connected to a potential difference e¢. A bar of resistance R makes
contact with these wires, and can slide parallel to itself, always
remaining perpendicular to the wires. An externally applied uniform
magnetic field B is perpendicular to the plane of the bar and the

wires.
Bar
Guide wire
X % x |Ix %x x x x X x
+L_xxx X X X X X X X
:'xxx X X X X X X X
rxxx X % X x X X X
% % x |fx x x x x x x
Guide wire —px

(a) If there is no external mechanical load, what is the
steady-state velocity reached by the bar?

(b) If the mass of the bar is m, obtain an expression for the
velocity of the bar as a function of time t, assuming that it
starts from rest at t = 0,

(c) If we apply a constant external force F opposite to the
direction of motion of the bar, what is its new steady-state
velocity ?

(d) Under the conditions of (c), what is the efficiency of our
machine, i,e., what fraction of the energy supplied by the
battery is converted to mechanical work?

(V-12) (20 points) A parallel-plate capacitor consists of two circular
plates of radius r separated by a small gap d (d<< r). Charges
+Qo
centers are connected with a thin, straight wire of resistance R,
Assume that R is very large, so that at any time, the field across
the plates remains uniform, and inductance can be neglected,

and ~Q° are placed on the two plates and, at time t = 0, their
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]
[ 1 -]

d Resistance R
(1= T

(a) Calculate the charge on each capacitor plate as a function of
time.

(b) Calculate the total current crossing a ring of radius p

{p < r) in either of the plates, as a function of time. (The ring

p is concentric with the edge of the plate,)

(c) Calculate the magnetic field between the plates as a function
of time and radial distance from the center.

(d) Explain in detail why the only nonvanishing component of the
magnetic field is in the azimuthal direction,

(V-13) (10 points) A light wave has a frequency of 4 x 1014
cycles/second and a wavelength of 5 x 10.'7 meters, What is its
speed? What is the index of refraction of the medium in which it is
travelling? What is its wavelength after it passes from the medium

into air?

(VI-1) (20 points) The system shown in the diagram consists of two
flat conducting strips of length ¢, width b (perpendicular to the
plane of the diagram), separated by a small gap a (a<<b, £), The
right ends of the strips are shorted, and a battery of voltage Vo is
connected across the left ends. The current is assumed to flow only
parallel to the ¢-dimension of the strips. Neglect all resistances
and all effects arising from the finite speed of propagation of

electromagnetic fields,
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(a) What is the relation between the magnetic fleld B between
the strips and the current I flowing in the cu:cult?

(b) What is the self-inductance of the circuit?

(c) What is the current in the circuit as a function of time ?

(d) What is the voltage across the strips as a function of the
distance x from the shorted end?

(e) What is the rate of flow of energy down the system as a
function of distance from the shorted end?

(VI-2) (20 points) Find the torque and the force between two circular
loops of wire, carrying the same currentsd I, and of the same radius
R, when they are located a distance L apart, with L >> R, and with
their axes parallel and the currents in the same direction, Express
the torque and the force in terms of the angle § between their axes

and their line of centers.

; =
L/

d

(VI-3) (10 points) A long wire is bent into the hairpin-like shape
shown in the figure. Find an exact expression for the magnetic field
at the point P which lies at the center of the half-circle:

-

(Vi-4) (20 points) Find the lowest-frequency normal-mode
electromagnetic oscillation of a rectangular cavity resonator of sides
a> b> d, with perfectly conducting walls. State the resonant
frequency, and describe the spatial dependence of the fields.
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(VI-5) (20 points) Consider a plane electromagnetic wave of
frequency w normally incident on a nonmagnetic metallic surface
with given conductivity o.
(a) Write down the partial differential equation for the
magnetic field, appropriate to the intlerlor of the metal.
Assume that » is small enough that displacement current
effects can be neglected.
(b) State the boundary conditions for the tangential components
Et and I-It of the electric and magnetic fields at the surface.
(c) Evaluate the (complex) surface impedance Z(o,w) defined
by £t - Zﬁt x ) where 1 1is a unit vecior normal to the

surface.

(VI-6) (10 points) A straight circular cylindrical metal wire of
uniform conductivity ¢ and cross-sectional area A carries a steady
current I. Determine the direction and magnitude of the Poynting
vector at the surface of the wire. Integrate the normal component of
the Poynting vector over the surface of the wire for a segment of
length L and compare your result with the Joule heat produced in
this segment,

(VII-1) (20 points)

(a) A iong coaxial cable (shown in cross section) has a
uniform current I flowing in the center conductor into the
paper, and the same current I flowing in the outer cylinder
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out of the paper. Find the magnetic field 3 in each of the
four regions,
(1) r<a

(i1) a<r<b

(iii) b<r<e

(iv) r>c
(b) Calculate the self-inductance L of a 10-cm length of this
same coaxial cable, (Assume c¢>>a and ¢>>c -b so that

we can neglect the thickness of the conductor, )

(VII-2) (20 points)

(a) Given a black box containing unknown emf's and resistances
connected in an unknown way such that (1) a 10-ohm resistance
connected across its terminals draws a current of one ampere,
and (2) an 18-ohm resistance draws only 0.6 amp. What
‘resistance will draw 0.1 amp?

Black box 1 ) EER

(b) Draw a simple filter which will greatly attenuate 60-cps
ripple voltage from the output of the circuit shown below.
Specify exactly the values of circuit elements required,
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Input Filter Outy

(VII-3) (20 points) Two magnetic dipoles ﬁ' 1 and . 2 at fixed
centers separated by r are free to rotate about their centers,
(a) Sketch the counfiguration for maximum energy and

calculate this energy.
(b) Sketch the configuration for minimum energy and calculate

this energy.

(VII-4) (10 points)

R = 100 ohms

e

- 100V C= lmmofand—'—

A capacitor C is suddenly connected to a battery of 100 volts through
a resistance R. After what time will the capacitor be charged to 50

volts ?
t= seconds

(VII-5) (10 points) An electron is launched with a velocity v = 104
cm/sec at 45° to a uniform field H = 10t oerstéds. Describe
quantitatively and completely the ensuing motion in one sentence.
(Be sure to specify completely and quantitatively the exact motion,)

(VII-8) (20 points) A long straight wire of radius a has a circular
hole of radius b parallel to the axis of the wire but displaced from
the center by a distance c. A current 1 flows in the wire and is
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uniformly distributed across the conductor. Find the magnetic field
everywhere in space.

b+ec<a

(VIII-1) (20 points)

R=1Q
N
fp— 0/,‘ atffm—
——— -= T ~<—— B = 10,000 Gauss
- i N /
h f-—___ —
!
h=lcm
D=2 m

A light brass wire of total resistance R = 1 ohm is wound around a
disc of plastic (density p = 1 gm/ cma) and suspended so as to make
an essentially undampened torsion pendulum of period T = 10 sec.
The disc is initially at rest in a uniform magnetic field, B = 10, 000
gauss, with B in the plane of the loop, i.e., 6 = 90°, At time
t=0, switch S is switchedto M andthenat t=T, = 107" sec
switched to N, Find the amplitude (in radians) of the ensuing

oscillations as a function of t.
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(VIII-2) (20 points) A box provided with two terminals is known to
contain an inductance of negligible resistance, a capacitor, and a
resistor. When 100 volts dc is connected to the terminals, a current
of 0.1 amp flows. When 100 rms volts ac at 60 cycles/sec is
connected, 1 amp rms flows. If the frequency is increased and the
applied voltage maintained constant, the current rises to a very high
maximum at 1000 cycles/sec. How are the three components
connected inside the box, and what values do they have?

(VIII-3) (20 points) Starting with Maxwell's equations, obtain an
expression describing the propagation of a plane wave of frequency
w in an extended medium of conductivity o, dielectric constant e,

and magnetic permeability u.

(VIII-4) (10 points) What minimum energy must a proton have ir

order to produce a proton-antiproton pair upon striking a deuteron?

MeV,

(VIII-5) (10 points) An inductance is suddenly connected to a 6-volt
battery through a resistance R. What is the steady-state current
drawn from the battery? After what time will the battery be

delivering one-half its steady-state current?
(VIII-6) (20 points) Write expressions for the magnetic scalar and
vector potentials from which the following magnetic field can be

derived:
ﬁ = k(vi‘ + x?).

(IX-1) (15 points) The electrons in a long tube of completely ionized
hydrogen gas are flowing along the tube with mean velocity 105
cm/sec in a circular beam of diameter 50 cm. The total beam
current is 104 amps. Find the magnitude and sense of the force F
on one electron at the edge of the beam.
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(IX-2) (20 points) The effective conductivity of a region of space with
N electrons per cubic meter is o = -I(Nez/mm). where e is the
electron charge and m the electron mass. From Maxwell's
equations, derive the velocity of propagation of electromagnetic
waves in this space and from this the index of refraction. Explain
how this problem is connected with the reflection of radio waves
from the upper atmosphere.

(IX-3) (10 points) The network

[

is raised to a potential difference of V volts. Find the electrical

energy stored in the network.

(IX-4) (5 points) To within two orders of magnitude, what is the

pressure in mm of Hg in a vacunm tube?

(IX-5) (20 points) A rectangular hoop of conductor has height H and
width W, At t =0 itis dropped from rest. At that time the

bottom edge of the hoop is a heiéht h above the plane y = 0, Above
that plane there is no magnetic (or electric) field. Below that plane
there is a uniform magnetic field B perpendicular to the plane of

the drawing and directed out of paper. The hoop has mass m,
resistance R. Find the motion of the hoop for all times, Find the
velocity v for all times, and plot it versus t. Of special importance
are times t =0 to tl’ t1 to tz. and t greater than t2.

How is the motion affected if the hoop is made bigger but retains the
same ratio W/H, and it is made of the same material as before,
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:IL "’ |_I 1 7y =0
[t U] 0 "

(IX-6) (10 points) A point charge q (coulombs) is situated a
distance d from an infinite conducting grounded plate. Find the
charge density at the surface of the plate as a function of the distance

from the normal to the plate from the charge.

(IX-7) (20 points) The plates of a parallel-plate condenser are
separated by 1 cm. The potential difference across the plates is 1000
volts. The plates are square and 1 m on a side.

(a) Calculate the force between the plates in newtons.

(b) Calculate the charge per unit area in coulomb/ mz.

(Neglect edge effects.)

(X-1) (20 points) Suppose that one measures the electrical

conductivity of the following materials at room temperature:

high purity copper
n-type germanium

niobium

One then plunges each of these samples into liquid helium (4° K) and
repeats the measurement, How much does the conductivity of each
material change? (qualitative answer) In which direction? Why ?

(X-2) (20 points) A very thin hollow cylinder carrying a current is
10 cm in diameter. It i8 surrounded by a hollow cylinder 20 cm in
diameter and concentric with it,
(a) Calculate the self-inductance per unit length if this outer
cylinder carries an equal current in the opposite direction and
the two are part of an electric circuit,
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(b) State whether the force on the outer cylinder is one tending
to burst apart or to collapse the cylinder. (Give reasons for

your answer, )

(X-3) (20 points) Find the electric potential at all points in space
produced by an electric charge Q located at a distance d from two
grounded infinite conducting planes intersecting at right angles.

-——d——1 Q
d .

1

(X-4) (20 points) A toroidal ring is made from a bar 1 cm in

diameter and 1 m long bent into a circle. It is wound with 100 turns

per cm. If the permeability of the bar is that of free space,
calculate:
(a) The magnetic field inside the bar when 100 amps are
circulating through the turns.
(b) Calculate the self-inductance of the coil in henries
assuming that the coil is made of very thin strips and is wound
tightly on the bar.
(c) Calculate the electrical energy necessary to build up the
field as the current is raised to full value,
(d) Calculate the energy stored in the magnetic field from the
values of B and H and the volume.
Neglect the change in field with radius, and assume it to be uniform
and equal to that at the center of the bar., State all units.

(X-5) (20 points) Two unequal condensers (Cl, Cz) are charged
separately to the same potential difference (V), and subsequently
the positive terminal of one is connected to the negative terminal of
the other. Then the two outermost connections are shorted together.
(a) Calculate the final charge on each condenser.
(b) Calculate the loss in electrostatic energy.
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(1-1)
a. The skin depth is defined by

C
J (2ruwo)

which is proportional to the inverse of the square root of the

8~

frequency. Therefore we have

b1 P2, fuod g4,
62 w, 1000
b. The energy density of the laser is related to the peak value

of the E-field by:

1 .2
E.D. =§;E

from which we find

E-= J(B'vr X 1013) =1,6x 107 cgs units

11 volts
=4,8x10 =

c. The circuit equation is

di Q.
Lg+RI+Z=0. )

Differentiating (1) with respect to t, we get

2
d’1 ar . I

L +R—+==0, (‘)i
dti dt C

Substituting
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-5t
I=Ae (2)
into (1)' we obtain
2 1
1‘6 + 1R6 - C 0.

The solutions of § are

s = -IRZ J(-R +4L/C)

2L

The condition of critical damping is

2 4L
R - <° 0.
(I-2) Let x = A sin wt. (1)

The energy of the oscillating electron with mass m is

E =-2-mA2wz,

from which we get
2E (2)

2 .
mu

A=

The rate at which the energy is radiated is

dE 2 22 3)

dt 3c3

where a = -Amz sin wt. Substituting (2) into (3) and averaging over
one period, we get

2 2. 2
dE_ 2e21.4 28 2e%my
r- 333" —3°°3 3 (4)
[ hos'i] me

The énergy of the electron as a function of t is
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2e2 2
E = E_ exp(- =55t (5)
3mc
AE s At < iaeza2 > = E A\,?ezm4
3c w 3c
_2ma?ey? 10716 & 2ria. 8% x 10720 & 10*°
33 3 x 27 x 10°°

-1.8x10 2  ergs = 1.1 x 1072 ev

b. The mechanical average energy of the electron is the sum of

the mean kinetic energy and the mean potential energy. We find

1 2 _1 22
E--Emv -zmAw.

where v = Apy is the maximum velocity of the electron, The ratio of

the radiated energy per cycle to the mechanical average energy is

AE _ 2r A2 e2w4 2 - 41re2w
E w 3c3 mAzm2 3c3m

_4r x (4.8)% x 10720 101°

3x27x 1050 x 9.1 x 10”28

-3.9x10 %,
c. Taking E = %Eo‘ we can solve for time t from (5).
3
r = (in 2)3m8
2 2
2ew
_0.69 x 3 x27x10°% x 9.1 x 1072°

2 x (4.8)2 x 10729 » 1030

~1.1x10°" sec.

(1-3)
. The potential of a single charge as a function of distance r
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is '

v-§. (1)

Differentiating (1) with respect to -x, we get the potential of a dipole
orienting in the x-axis direction,
- _ Ax = g x Pcosp

2
r

Va

where P = qAx is the dipole moment. The E-field of the dipole is

] 'Peinee +2Pcosell\.

Eg=—3 6 3 1
r r

where 61 and 1'l are unit vectors. The potential energy of two

parallel dipoles is

w=-B.B
d 4
where we have used 6 = 90° and r =d.
b. The dipole moment of a conducting sphere in a uniform
fleld E is known to be R3E, where R is the radius of the sphere.

The force between the two spheres is - -grﬂ. or

2_6
F= (ER3)2-§Z - E-E-;R— (repulsive).
d d

(1-4)

a. According to Ampere's law we have
Fi.a-2

where I is the net current passing through the area defined by the
clpsed curve, Using I = pwrr2 and the fact that B is independent of
angles we obtain
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B(27rr) = ? pwrr2

or

B = 2mpvr

c

The force acting on a proton at r = Yo moving with velocity V' is

- )
F = md_vZ-_- - eV'B = ebyov
dt c c
or
dv
Y ..
dt cm yOV'.

After integrating we obtain
S - .56_ '

Vy py yOV t (1)

and

I 2___e_ TR 2
by = - 3em YoVt " gemYaV &

e&yoL2

=" 2cVm

which is negligible compared with Y, when L << focal length, The
direction of the proton after passing through the cylinder is defined by

y._Jo ___ (2)
% * Yocal length*

Substituting (1) into (2) we obtain
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2 2
cmV' cm cm c mV'
focal lengthgy ) =—-= =
o ebyOV't ebt e2'npv-L— 2mpvLe
VI
= ( czm )V'
2repL’ v '’

where we have used t = L/V' and § = 2mpv/c.

(1-5)

x x°
Ar 4

P \

b To.
o 0° . z°
— oz
/ yvt / v
y y°

Let oxyz be the laboratory system and o°x°y°z° be the
system moving with the charge. The potential of a point charge at
the point P in the rest frame of the charge is

cz) z 1/2 | 2 4 2,2,2)1/2

ar z ar 22
and a—z'=";.2, —T9=YVt (1)
o o 3 To

The Lorentz transformation from the rest frame of the charge to the

laboratory system is:
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( vy -iyB )
T=
ivB v

where we have used the abbreviations

1

v
B=I and y= m——.
1-v/e

With the above transformation matrix, we obtain the following
relation between the potential in the moving system and the potential

in the rest system:

A 10 0 O© 0
X
A 01 0 O 0
Yy 1=
Az 0 0 vy -iyB 0
iV 0 0 iy y iv°
or
Axso; Ay-.-
A =vypv° -1Be
z r
(o]
and
v = iyv° = 3}3 (2)
[o]

The Lorentz transformation which connects coordinates in the
laboratory system to those in the rest system is

zé-v(z-vt). X =X, y_ =Y

o (o]

and

v
t Ev(t-—z)
o c2
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from which we find the following relations:

3 3 _ -84 _-13
A AR R @)

dA
.3V _1_z _yep B3 -sr_ - g5 2
Ez 3z coat 2az+cat)r a B)
o [

_Cyevt y evt

3 2

r) ® +Y2 22)3F

3V _ bye veb

Es-—&—:——ﬁ—. E =0
x T ax r: PO T L

and



Solution Set of Electricity and Magnetism 127
dA
e -_z_YBeb ebv . -
B -5 15 s 15573 By 7B, %0
r, b +y°vt)

where we have used the relations

2 ab? oy 2,

ar_ z_ _
-az—°=r—° = :“ and Eq. (3).
o o o

(II-1) Let

f(r) = v2 —!'r-
Ir|

and integrate over dV,
1 =f f(r)dv =f vzédV

= ff v-:‘- . ds (Gauss's theorem)
S

where S is the surface which encloses the volume V. In spherical

coordinates the integral becomes:
1=-JI 2 rPa0dp sing = - [ dodp sin g
S r S

= 0 if the point r = 0 is not inside surface S.
= -4y if the point r = 0 is inside surface S,

We see that the function f(r) satisfies the definition of the
generalized function -4w§ (i'. ). Therefore

°r) = v> Txl:"_ = -4nb @),

(II-2) The electrostatic field, Eo’ due to a charge q is

E, -3%.
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At large distance the field, E., of a dipole is

13
dE

o)
R

where Ax is the separation of the two charges. To find the field,
Ez.
a distance Ay, we need simply differentiate the dipole field, E

due to two dipoles with opposite sense (quadrupole) separated by

ll
with respect to -y. Therefore,

LE

(<]
Ez WA!AY.

Similarly, the field, Ea.
a cube (octopole) is just

due to the eight charges at the corners of

e
E3 = - m AxAyAz,

from which we find E,_ is proportional to r-s since

3
Ax = Ay = Az = constant,

(II-3) In the radiation zone, the electric field and the magnetic
induction for dipole radiation are:

ikr
-
Eskz(ﬁ'xf;)xﬁe

r
and

ikr
-
B = k2@ x PE—.

Here k = 27/)\ is the wave number, 3 is the dipole moment, and n
is the unit vector in the direction of propagation which equals the unit
position vector here. (Since the intensity obeys the inverse square

law, the field has to be proportional to 1/r. The direction is defined
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by the relation E x B // n. The expansion of the vector potential
gives one k factor for the term corresponding to dipole radiation,
The second k factor simply comes from the relation

B = v X K = 1K x K). The fields due to the two dipoles are

2 ) di
X
3 i
~ Ak -~ -+ -+ xe
--._Z-—(nxp)xn 3
r
and
+ AdB
B'=-o&
3 ikr
~ 1k ,» -+ xe
--T(nxp) 1.2

where we have neglected all terms proportional to la . The
-
Poynting vector, S, at large distances is o

~ c1rk4p2 cos2 0 sln2 2 cos2 cg;
4r2

where
z =L
<:ose-r and tane )

(I1-4) The resistance of a superconducting loop is very small. If
there were any change of the magnetic flux, ¢, through the coil, the
induced emf would immediately produce a large induced current to
keep the magnetic flux constant. Before the two loops are
superposed, the magnetic flux through each loop is

9, = AB = CI (1)
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where C is a constant, After they are put together, the magnetic
flux through either loop is

9 = CI' = C(1} +1p) @)

where I' is the final total current in the two superposed loops, The
condition 9y = Pp therefore, leads to

I'=1 or 1'1=x§=%1'=%1 3)

since the two loops are identical. The initial energy of the system is

1..2 1_.2
VJi ELI + ELI
- L%, )

The final energy of the system is

L2, L2
Wf 2Ii + 212 +MI'II'2. (5)

Furthermore M =L when the two loops are put together., Using (3)

and (5), we obtain

L.2
We=3l.

The change of energy is

_ L.2
W, - W, =31

which has been converted into mechanical energy (e.g., work done to
the hand or to some friction force) and ratiation energy.

(II-5) The equivalent impedance of the circuit is

1
1
-ﬁﬂmc

Z=ilw+
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R - iIR?2Cw
=il + ==

1+R Cuw

-
—

H(r..m+RCL.w -

1+RCw \ 1 + (RCuw)

o)

2
2 = _RL syl L 1
c

L + R%C KL'"R JIZo

The total current through the circuit is:

The current through the resistor is:

i =_1—-—I
R 1 + iwCR total

iwt 1 1

=V e
o

o
= e
l:llR2
where
n e () ()
1 \u+r%/ \L+r?/ '€

L+RC
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Rz = ,/1 + 01»(:‘1%)2

-11 ,L _ -1
61 = tan R Eand 62-ta.n wCR.

i(wt - Ko T)

(I1-8) Let the electric intensity be E- f:oe The

displacement current is:
J,S=—— = E
d 4rmat 4
while the conduction current is oE. If the two currents are equal in

magnitude, we have

4mo _
!I)To.- 1. (1)

Therefore we can define a complex index of refraction n

1 4mo . _ 4mo
n-'g\/(eo-—w—l)uo = Jl eowi

or using (1) we get

n=J(1-i)En°(1-ik) (2)

where k is called the absorption coefficient. The reflection

coefficient is related to the indices of refraction at normal incidence

by

rs=

n-1 2
n+1

2 2
(n -1)" + (n k)
o o 3)

2 2°
(no +1)" + (nok)

Both n and k are defined in (2) to be real and positive, We find
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n =\/ 1+",-2~1.10
o 2

and

~ 0.414, (4)

1+ NE 2
Substituting (4) into (3) we obtain the reflection coefficient r = 0,047,

(1I-7) An uncharged conducting sphere placed in a uniform electric

field is equivalent to an electric dipole situated at the center of the

sphere as far as only points outside the sphere are concerned, The
elecrric field of a dipole can be expressed in terms of the two

-.
components i.:r and Ee as follows

-E’! =2Pcosell\.
r 3 1
r
2 _PsingA
Ey = 3 %

where P is the equivalent dipole moment of the sphere;

P=R3E
o

and where R is the radius of the sphere,

(III-1) The rate at which the kinetic energy of an accelerated electron
is lost due to radiation is given by

2 2
2a e 1)

303

ala

where E is the total energy of the electron proton system; a is the
acceleration of the electron; e is the charge; and c is the velocity
of light. The acceleration a is related to the radius, r, of the
orbit of the electron through the equilibrium condition
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e2 2
ma = -3 or a= -3 (2)
r mr

Using equation (2) and the relation a = v‘/ r, we find that the total

energy of the electron proton system is

2 ez e2
E=§mv T (3)

Substituting (3) and (2) into (1) we obtain

ezg 2e6 @)
T2t 243"
2r 3mr c

After obvious cancellation we get

dr | .i (5)
dt 3m2r2c3

After integration, (5) becomes

a
T 23 .o 23
T at--2 [ afer -2 S RY-AD
0 4 'R ) o
4e 4e

where R is the initial distance between the electron and proton and

ao is the Bohr radius,

(IlI-2) For r £ 0 the Poisson's equation in spherical coordinates is

3 _1 d°
v VeE=——=rV(r) + AV(r) = -4mp(r) (1)
r,2
dr
where A is a differential operator depending on the angles. For a
spherically symmetric potential, AV(r) = 0. Using the given

expression for V(r) we find



Solution Set of Electricity and Magnetism 135

d® -Ar
plr) = - G 3
2 -\r
-\ e
&y forr F o,
For r-+ 0,
-Ar
1
V= * T

The relation
21 _
vio= 4mb (r)
was proved in problem (II-1). Therefore we have
2 e-Ar

plr) = 8(r) - - S—.

As r-+ 0, only the term §(r) contributes to the total charge since

the volume is proportional to r3.

(I1I-3) Let E, E', and E" stand for the electric field vectors of
the incoming wave, the refractive wave, and the reflected wave,
respectively. The linear momentum density of the plane wave is
known to be (e.g., see p. 200, Classical Electrodynamics by

J. D. Jackson):

2
Gy " dre BH "L EH N E'H with H=JEE - nE

1

for the refracted wave in the dielectric medium, and

EH
Gz 47c

for the incoming wave in the air, and

Eﬂnﬂ
Gs = 4wc
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for the reflected wave in the air. The momentum per unit time per
unit area carried to the medium by the incoming plane wave is
P, = cG 2 and that carried away by the refracted and reflected

2
waves is P1 3 -EGI - cGa. Using the second law of motion, we
]
find that the pressure on the surface of the medium should equal the

difference between P2 and P1 3 i.e.,

= - = —1 - [} (] ”" 1
Pressure Pz P1.3 ype (EH - nE'H' + E"H").

Now using the simple relations between E, E' and E" for the case

of normal incidence

2
E"n-i-lE
and
"_n'l _ v o_ '] -
E T =nE', E"=H", E =H,
we find
2 2
1 1 2n
Pressure = —E [l+(n+1) -(m)]
2
+
- 7555 X ao'?z - 2222
(n+1)

=-1.4x 1ol°9&;.
cm

(111-4)
a. Let A be the charge per unit length on the cylinder with

radius rl. From Gauss's law we have

/I e _aa =% 1)

where the surface S is defined to be a cylinder of radius r and of
‘unit length, Since Er is a function of r only, (1) immediately leads
to
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A

Er * Zmer’ @
The potential difference between the two cylinders is
r
2 r r
A (1 3 2
vel maregh-fmdeenl) )
1 o 1 3 |
from which we find the capacitance C
AL 21reoL
C=% "= T )
1 3 2
fm — +¢n =
1 3
b. From (3), we can solve for the charge density
2me V
A = ——————, (s)
1,58, .02
K ry rq
From Gauss's law we get
E = — for r . <r<r
21re°Kr 1 3
= <r<
2‘"€or for rg<r<r, {6)
from which we obtain the displacement in the dielectric medium
D==*- r.<r<r N
2rr 1 2
and the polarization
- 1n
PeD-e¢E=mr "1°7<T3 ®
=0 ra <r< rz.

c. When the potential difference between the two cylinders is
kept constant, the system can no longer be isolated. There has to be



Solution Set of Electricity and Magnetism 138

some source of charge (battery) to supply energy. Let C' be the
capacitance of the system without the dielectric material. From (4)
we find

2‘n°L
C'=— . (9)
2
-
1

The work needed is

work needed = ?“;c'v2 - %cvz - @ -QV

where Q' is the final total charge on one cylinder. Using Q' = C'V,
we get

v2
Work needed -—z-(C -CY)
2
Yo / 1 1
2 o 1 r3 r2 r2
KT, Ty
1 3 1

where we have used (4) and (9),

(I1-5)
&. The magnetic induction for such a toroid is

NI
B""“oz'lrd'

Therefore the total flux passing through the cross section of the
toroid is

® =i oG A for d>>JA.
b, The equivalent circuit equation for magnetic flux is
.Qll'll +¢2R3 = NI

where R, is the reluctance of the path in the fron ring and R, is
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the reluctance of the air gap., Using

- (2rd - 8) [
9“9 %9 R ==0x - amd Ry=—73
o o
we obtain
= _—NIA_. = —Nlé———
PioEmd-8) Mo 2mdF G- 16
n
NIA __
M MG 6 + 2md)
2 uuoNzled
c. Field energy in iron = 3B X (volume) = —3
HHo arE= + q)
2T
u?u N1%As

Field energy in the gap = m
2r
For y>> 1, we see that {t takes comparable amount of energy to fill
up the gap even for very small 6.
d. The self-inductance of each turn equals dyp/dI. There are
N turns and all of the flux links with each turn; therefore it follows
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(I11-6)
a. The magnetic inductior due to the large loop at the center of

the ring is

uI
B=-§F (1)

The total flux is

» 9
(P-BQA
nzul

35— €08 6 for a<<b (2)

where @ is the angle between the two loops. If the small loop is
rotating with constant angular velocity w, we have § =wt. The
induced electromotive force is

emf = - %.

From (2) we get

emf = 2b° w sin wt. (3)

According to Ohm's law, the current in the small loop, Il’ is

2
M
1 = (,m-—z—bnoﬁu sin wt (4)

b. The input mechanical power is 1-%'-;— which should be equal to
the induced electrical energy I1 : in order to conserve energy.
Using (3) and (2) we obtain

Ta Mo I
T*hLu "\ mR )""’ ‘”t""’gp”

™ lzt
e 2bol>zw!nnm (5)
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c. From (2) we find that the mutual inductance of the two loops

is

The induced emf in the large loop therefore is

2
d, od Cv\na TR wt>
dt dt 2bR

td
2
I
=

]
'
0
[~}
()

€
o

(wazuow cos wt>2
=S - ——-—Zb——-—-

|~

(Iv-1)

2 2 2
E=g_-.q—-..cl_.=-ﬂ_
a a a a

N

(Iv-2)

-10 2
electrical  _ (4.8 x 10 ) 1 039

s ———

gravitational =27 =27 2000 x 6.67 x 10" °

where we have used e = 4,8 x 10-10 esu, mpy ~ 2000 m_,
m_~ 10" gm, and G = 6.67 x 10" in cgs units.

(IV-3) The potential energy between a point charge q and a plane is
just half of that of point charges q and -q separated by a distance

2d, Therefore we have

=24
E=-.
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(IV-4) According to Gauss' law we find the field due to the charge on
the sheet is + 2m0 for x> 0

<0 Using the superposition principle, we
obtain the resultant field

>0

E-Eotzw for x<o.

(IV-5) Let q' be the charge on the inner shell. The potential at the
inner shell is the sum of the potentials due to q and gq',
respectively:

v’ﬁ- +£:-
Fa. N

which 18 zero since the inner shell is grounded. Therefore
1 2 - 2

q T, q.

(Iv-6) Using

2
-
ﬁB- dz‘“‘ol‘“o%l
R
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where Ll is the self-inductance of the toroid i.

(IV-8) The force between the wire and the slab is the same as that
between two wires of current I at a distance 2d. Therefore

2
-7 1" Newton
F=-2x10 3d meter (Attractive).

(IV-9) The magnetic induction B at the center of the loop is

ul
(e}
B=a

from which we find the torque is

Torque = HMV = BMV
Ho
. vMmI
2r °

Here we have used the convention of permanent magnets. If one uses
the convention of current loops, M should be replaced by
M' = (M/uo) and H by B; similarly for problems (VI-2) and

(VII-3).
(IV-10) The induced emf is

emf=-%=BLv
4

=@2x10 %) x1x (“"—m3) =(@2x5x 10'43"—;)
3.6 x 10
= 10-3volt.

(IV-11) The work needed is equal to the potential energy difference
which is 2mE cos a.

(Iv-12) Since the tangential component of the electric intensity is
continuous across the boundary surface, we have E = E o It
follows then that D = KE = KE o°
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(Iv-13) R = 2JL/C as we proved in problem (I-1),

(IV-14) Since
2 ce
«<Se B2+By)> - _9p2
intensity = < 2(eoE +”o )> 3 Eo
c 2
'TOBO

where Eo and Bo are the peak values, we have

3

Eo' / 2"1:?.2" 10 8~103v::ts

\/8.85x10 x 3 x10
and

E 3

~ ~ - b
B, =271 o~ 3107073,
3 x10 m

The tangential component of the E-field is continuous, Therefore

Ejt = Egpr

(IV-16)

k23

-
P.

e 3
o

1
*=Z
r

»
e ]

(Iv-17) 0.5 Gauss,
(IV-18) The electric potential inside a conducting shell is

4me R°

o
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(IV-19)

*

Energy density = %(coEz +-4

L g?%),
uo

2
Momentum density = E_)é(_lj in mks units,
c

(IV-20)
- A I
Poynting vector = E x H = (RIk) x ma

RIZ A

o~ r1 (inward).

(V-1) The reactance is

1.1, 1 _1-vlcL
Z Wl " TC - L

or

we have

7z = iwlL,
1- 2/ 2
w /w,
which is inductive,

(V‘z) o.
(V-3) The final capacitance is % » the potential difference is

? s ND . Q , charge on each capacitor
C/N NC NV since v'C capacitance of each capacitor’
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(v"’ 4] .

(V-5) Using the fact that the displacement D is not affected by the
existence of the dielectric medium, we find

2
w:i si?— s&
»
2Ke 2Keo K
or equivalently
2

welev?-lie o) -—o
2 2 oK K *

(V-6) According to the inverse square law we have

1
Ec;o

(V-7) Since the tangential component of the E-field is continuous,
we have

<

- -
E+in-o or Ep = -E,

where ﬁR is the electric vector in the reflected wave, Therefore

ﬁR is shifted 180° in phase with respect to B.

(V-8) Greater. (Metal spheres allow redistribution of charge in
response to the attractive force, so that the effective separation
distance is decreased.)

(v-9)
T} 1
Fs=- -o_
2md *

The force is attractive.

(V-10)
a. The line integral of the magnetic intensity around any closed
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curve is equal to the the total magnetizing current through the surface
vounded by the curve, i.e.,

$HAL=1=n

where n is the number of turns of wire, Since the air gap is much

smaller than the pole diameter, the induction in the air gap is
approximately uniform. The above formula becomes

Hl‘l + Hz"z =ni

where 1 and 2 refer to air and iron, respectively. H1 and H2

are related to By and B, by

B B B B
Hls—l s—-l and H2=—£=—2-.
T TR

For very narrow air gap Bl w8 Bz. we have

m
113_ - o‘ 2.5 wzebers
2 m -amp.,
4, +—
1

b. For {=0.5amp, u H=1.235x 1073 webers/mz. When |
increases to 1 amp, uoH =2.5x 10'3. From the given B-H curve

we find B~ 1.7 wel:;ex's/m2 instead of 2.5 webers/mz. .

(v-11)
a, The system reaches the steady state when the induced emf

cancels the potential difference of the battery, i.e., when
e =Bvg
or

V B e

Bs°
b. The current flowing in the bar at time t is
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‘_G-th

from which we find that the equation of motion for the bar is
my = ¥, « E20p,,

The solution is

2.2
€ By
V=B£ (1 - exp(- mR t)

where we have used the condition that v=0 at t =0,

c. The equation of motion becomes

mv = & ',f"‘)m - F.

Using the steady-state condition v = 0 we obtain

vasl - FR_
Bt (my)°

d. The current i under the conditions of part c is

]‘z—-—e -sz =£
R By *

The energy supplied by the battery is e¢i of which a power of Fv is
being converted into mechanical work, The efficiency is

Fig; - g
Efe = LY - By _,_FR
el Fe eB¢
Bs
(V~12)
a. The circuit equation is
Q. Ry
cta® R=0

from which we find
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Q:=Q e-t/RC.
o

b. Since the charges are uniformly distributed, the total charge
outside the ring of radius p is

Q (!'2 - pz)
q =%(r2 - 02) =_O__§__ e-t/RC.
r r

from which we find that the current flowing into the ring of radius p
is
2

2
2 -e) Lyme

a8

r2Re

c. Using Ampere's law, we find that the magnetic field is

- Figure 1

— B, .
P(r,.0,.2,) (projected view

from the top)

Aly(r,6, - 0,2)

The reason why there is only a § component of the magnetic field is
as follows (Fig. 1). To find the magnetit fields Br and Bz at an
arbitrary point P(ro. eo’ z‘o), where r , eo‘ z refer to

o
cylindrical coordinates, we first calculate the fields at that point due
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to two current segments Ml and Alz. We define Azl to be at

(r, 0, *6: z) and At, tobeat (r, 8, " 0 z). The current
directions are along the radius vectors. The fields due to “l and
At, are: (For simplicity, we have assumed P is in the x-z plane,)

Bt x(i"l-i"

1 1 )

0

c(coseg\:-l-sineg)x[(rcose -ro)g\:-i-rsln e’y\+(z-zo)Q]

and

ﬁze(cose’:\:- sine/)\')x [(r cos o - ro);\:- rsine9+(z - zo)/é]
or

ﬁl +ﬁ2= 2 cos §(z - zo)é X lz\) = -2 cos 0(z - 20)9

= -2 cos §(z - zo)le\.

from which we see Br and Bz due to the two current segments
vanish, If we integrate the field over r and § and sum over the
two plates, we get the fields due to the two plates. From the
consideration above, we conclude that the only nonvanishing
component of the field is along 9 direction.

Alternative proof: Since current and position vectors are polar,

it follows from Ampere's law that the magnetic field is an axial
vector, Assuming electromagnetic laws are invariant under space
reflection, we find that the magnetic field vector changes sign upon
space reflection. Let P and Q be two points in a plane, symmetric
with respect to the central wire (Fig. 2a). The magnetic fields at
these two points are related to each other, as shown by the arrows in
Fig. 2a, by rotational symmetry. Let P' be the reflected point of P
in the mirror. The magnetic field at P' as shown in Fig, 2b is of
opposite sign to the image of the field at P in the mirror. We then
rotate Fig. 2b by 180° thus to get the situation in Fig, 2c. We find
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P' coincides with Q but the field Brmz) at P' is of opposite sign
to Br(Bz) at Q. It follows that Br and B' must be zero.

2.
L .L N - —t

-
<—t° ,Ln,

1

P';—b
Disc 2 < >

Mi Figure 2c.

(V-13)

Speed = frequency x wavelength
=ax10M x5 107"
=2x 108 m/sec.

ns= =_3.
2

<lo

)‘o =n\ =7.5x 10-7 meters,

(Vi-1)
a. The magnetic field outside the plates is zero and that between
the plates is approximately constant. Using
> -»
. = T
f Beds=p °

where ds is perpendicular to the plane of the paper, we find

wl
Bb -~ u,l or B < _To_ (into the plane of the paper),

Here we have assumed b>> a so that any term depending on a/b is
negligible,
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b. The self-inductance is

I la
L ‘dI & | " |4 I a catve

c. The circuit equation is

di
VO-L—dt-‘O.

from which we hnd

v

ot

d. The self-inductance for two strips of length x is

W _Xa

o _.
Ly=—%—
therefore
V =L, —= ELVO
x 1dt bL.

e, The rate of energy flow is

woxaV, Vo
Energy= V_{ = (—b-L—)(—L— t)

uxaV 2
o o
5t

(VI-2) With L>> R, the two loops act like two magnetic dipoles
with magnetic moment p.olA. where A is the area of the loop. The
induction B at loop two due to loop one can be resolved into two
components; Br' in the direction of increasing r, and Be in the
direction of increasing 8. We find

2coae=.‘:2m2 x
2 2 2

uO
B --i-m 3
L x +y)

r
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where x =L cos g, y=Lsing, and uoler" is the equivalent

dipole moment of each loop. The torque on loop two is
- > -+

T =IAxB (=u°1AxH)

or

T = 11,-32(31_ sin § + Be cos 0)

371\_10121-14 sin g cos ¢

4L3

The direction of the torque is pointing into the plane of the paper.

The force on loop two is

F=F +F

%] r
where

dB -

- me__8

F‘e-IR =

W
_ —912R4y 2 x 2x

' 4 (x2 + Y2)3
= - uc’(IRz)2 —’-‘%
x +y)

2.2 sin g cor §
) 4

- Hg (IR N

and

dB
2 r
s &

153
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2 2
1 22 y -3x

==u (IR") -
250 t24_y2)3

2 2
_lu (mz)z 8in”“ 9 -3 cos” @ .
250 L‘

(VI-3) The field at P due to the wire other than the portion of the
half-circle equals that due to an infinitely long wire with current I
at a distance r. The field produced by the current along the
half-circle is just half of that due to a full-circle with current 1.
Therefore

1 uoI 1 uoI uoI

B=2x3lgpl*alarl = @+ M

the direction of which is perpendicular to the plane of the paper.

The above conclusion is obvious if we add another identical loop
as shown in the following figure. Now we have two infinite long wires
and a full-circle, both with current I. The fields due to the two
wires simply add up at P. The field of each loop is one half of that
of the whole circuit due to rotational symmetry,

—- — —— e e ——— — —

’/
/

{ o
\

1 \ ]

N

————— P e

(VI-4) The wave equation in the cavity is
- 2
é.?+9_2+y2)*=0 (1)
3x 3y
where

2 _ w 2
Y _(”oeocz k

%

and y stands for either the E- or B-field. The boundary
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conditions of the fields are

%;-so at x=0,a and y =0, b,

The general solution of (1) is

ymn(x.y) =B cos X cos ? mn=1, 2, 3... (2)

‘Substituting (2) into (1) we find

2 2
2 2 m n
Ymn =7 "a? +b—)- (3)

The z-dependence of the fields is that appropriate to standing waves:

tk(z) = A sin kz + C cos kz.

In order to satisfy the boundary conditions at z =0 and z =d, k
has to satisfy the following relation

k=ﬁ—;’ £=0,1, 2... (4)

Using (4), (3), and the definition of y, we find that the cutoff

frequency is

e m2 n2 ‘2 1/2
w = ('_— +—=+ —) .
mnl uoeo a.2 b2 d2

For a>b> d, the lowest frequency corresponusto m=1, n=0,
and £ =0, We find

_ me
v sE——
100 o€,
oo
The corresponding field is

Y100 = Y10 YN (2) ~ cos =2
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(VI-5)
a. Supplemented by Ohm's law 3 = a-E.!. Maxwell's equations
become:
a-b
Lo -

v X ﬁ cat 0

2 4mp
vxH- — E=0 (1)

where we have neglected the term corresponding to the displacement
current., For a harmonic wave with frequency w, we can eliminate
ﬁ from the above equations and obtain the following wave equation:

-’
vxvxi—’l+4——wLwiH=0 (2)

2
c

-» -Kerp
where we have assumed that H H ei(mt k r). For a plane wave,

ﬁ is parallel to the surface. Therefore

V=~ ';: 'g_zo
so that

2
22 2
vxyxH=v( e+ B)-vH=-y H--.a-—zﬁ,
3z

Eq. (2) becomes

2
@ x -2y H o, )
32z c

where n X ﬁ = i-'lt.

b. Since the electric potential between two points is independent
.of path, we must have E! - E::, i.e., the tangential component of
the E-field is continuous. For a perfect metal, I-It vanishes inside
the metal since the surfaée charges move in response to the

incoming plane wave, We have
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2 -»
A-2TR ana B =0 0
c c
where K is the surface current, occupying a layer of thickness of
> -»
the order of the skin depth; K = oEt. For z -+ 0, then equation (4)
b it -
ecomes =H_..
c. Using (3) we can solve for Ht

Hc =He (5)

is called the skin depth. From (5) and the second equation of (1), we
find

2t [uw -+ =t
E = [ 0HDE xH)g, 1

which leads to

= ,_E"L
Z-= 87m(1+i).

(Vi-6)
a. At the surface of the wire, the B-field is

oI
Be * o’ B, = 0 (1)

where a is the radius of the wire, The electric field is related to
the potential difference V which equals IR;

V_IR_1
EL*L L "0A&" @
The direction of the E-field is along the wire, The Poynting vector
at the surface of the wire in vector notation is
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I
2 12 = 1 IR Mo, A
S = uoE x B ™ (L)(fn-;)('rl)
2
A
= - zfmi 1‘1 (inward) 3)
where ’x\‘ is the unit vector pointing along the radius direction,

1
The rate of the field energy flowing into a wire segment of length L

is
W = 2maLS
= I°R
which is the Joule heat produced.

(ViI-1)
a. According to Ampere's law, we have

fﬁ-duuov (1)

where I' is current through the surface bounded by the closed curve

over which the integral is to be carried out.

Ix‘2
i, For r<a, T ==
a
From (1) we get
]
= tl—o-t- = ie.l-r- (2)
8 2wr 2m2

il, For a<r<b, I' =1, Equation (1) becomes

B = e T e (3)

fii, For b<r<eg,
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z'2 - b2 c2 - x-2
I'=1I-1 33 !('2—2').
c -b c -b
Equation (1) becomes

“oI (c:2 - rz)

B, = .
e 27mr (cz - b§)

iv,. For r> ¢, I' =0, Therefore Be = 0, The components
along radial direction and z-axis are identical to zero for all

four regions.

b. The self-inductance is defined as

. |dofat| . |do
- [ - (@] @

where ¢ 1is the total flux passing through the region ABCD, Using
(3) we find

.0 b,
= n o (5)

therefore

‘uo b

L =a— e

2r a

(VII-2)

-y
3
AAA.
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Let us first prove a general theorem that any such black box
can be replaced by an effective emf and an effective resistor
connected in series. The general arrangement of many emf's and
resistors in the black box is shown above, Let ii be the current
flowing through the ith loop. The circuit equation for each loop is

N

E, =j231 aijlj +bRI i=1, ..., N 1)

together with the relation of conservation of currents,

N
z 1j =1 (2)
i=1
where bi and aij are functions of the resistors. Solving for ij in
(1) we have

N
i =>13 (B - BRDA;; =1, ..., N (3)

where (Aij) is the inverse of (aij)' Substituting (3) into (2) we have

?ﬁ (E, - bRDA, =1
or
N
fi li:iAlj =I(1+R fi biAij). 4)
Let
z EA
E-dl

and
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> bA..
1 14

(4) becomes

E=I(R+r)

161

(5)

where E is the effective emf and r is the effective resistance,

Using the given data we find E = 12 volts and r = 2 ohms,
R should equal 118 ohms in order to get a current of 0.1 amp.

bo

Input

| ISR S— |
Filter

Therefore

In order to attenuate 60 cps ripple voltage the filter must have

very low impedance at that frequency. Therefore we-have the

relation
_ 1 1.2 _ -6
LC=—3 = lgzgp =7x10 .
w
(VII-3)
a.

H1 H2 Energy max - M1 ° Hy =4y

z - . = =y ¢
Wy  Hy  Energy . =-uy o Hy= -yl

HiMa

3.
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(VII-4) The voltage as a functionof t is

Vev (- e Y/RC)

Using Vo =100 volts and V = 50 volts, we find

t=RCh 2 =(n 2)x 10"4 seconds,

(VII-5) The component of the velocity of the electron perpendicular
to the field is

4
10" cm _ 3 cm
A =—,_2 Bec - 7.071 x 10 sec "

From the equilibrium condition

mv2 ev H
—— *

R c

we find the radius R is

VM (3x10%7.1 x 10%)0.01 x 1077

eH .80 x 10 190}

) - 4.0x 10 %cm.

R =
From v, and R we find the frequency is f = v‘L/ 27R = 2.8 x 10m
hertz. Therefore the electron is travelling in a helix, with radius

R and pitch vl(-zel;;-q) = 2TR = 25 X lo'scm.

(VII-6) This system can be replaced by two wires, A and B, of
radii a and b, respectively, as shown in the figure. Both wires
carry the same current density J as that of the original wire. The
current on the wire B is of opposite sense, while the current on the
wire A is of the same sense as that in the original wire., According
to the superposition principle, the field everywhere in space is the
same as before, Using Ampere's law we find the induction B1 due
to the current on the wire A is
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y
J

P(x.y)

o (c.0) b

uolr
B =—2—2 for r<a
2r(a” - b))

p,olaz
=z ———— for r>a

.‘21rr(a.2 - b2)

where we have used the relation

U SN
J-= )

1r(a2 -b7)
and

i =J x (area)

2
Ir
=53 for r<a,

@@° - %)

In the rectangular coordinate system, as shown in the figure, the

vector induction ﬁl becomes

163

(1)

(2)
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- A x A
B, =B L _%-B y. (3)
1 1 'z 2 1 2
x +y x +y

We have assumed that the current in A is directed into the paper,
Similarly, we can get the expression for B2 produced by the

current in the wire B

u Ir!
B2=——_Q_._T for r!'= ,’(x-c)2+y2<b (4)

21r(a2 -b7)
u Ib2
= °2 5 for r'>b (5)
2rr'(a” - b")
and the vector induction ]32 is
-» -
B.=-B _l.___’,\; +B _LA (6)

2 . e 3 3
(x - c)2+y2 (x - c)2+y2

The actual magnetic field ﬁ is the sum of ﬁ and ﬁ :

1 2
» 2
= +
B B1 B2
iy Bly ) Bzy )Q - le ) Bz(x -c) )/}\'
2. 2 )
\/x +y \/(;-c)2+y2 \A:2+y2 \/(::-c)2+y2
In the region r > a, we find
- Mol . al b2 A, xa> bz(x- c) A
Br—a—5 bz - 73Xt ——3- LA
2r(a” - b)) x +y (x-c) +y x +y (x-c)y +y

In the region r'<b (and r <a), we find

u I
§=-——%——-—2—((V~y)g+((x-C)-x)9)
2m(a” - b))

- uolc A

= Y.

2'rr(9.2 - bz)
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In the region r'>b but r<a, we find

u I 2 2, .
ﬁ = 02 9 [@ - b 2 2),x\ - (x - L (xz C) 2)9]'
2r@@” - b°) (x-c)+y (x-c) +y

(VIII-1) The effect due to the self-inductance of the loop is
negligible since 10-4 sec is a long time here and the magnetic field
due to the loop is negligible compared with the external field,
Therefore we can take the current in the loop for t< 10-4 sec as
constant which equals 0.1 amp. The forces exerted on the sides of
the loop are

Fh =IhB = 10-3 newtons = 102 dynes (1)

and the forces on the top and the bottom of the loop are zero, The

impulse is then

A 2 -4
F =F At =10 dyne x 10 ~ sec

h
-2
= 10 ° dyne-sec. (2)
The impulse torque is

% = 0.02 dyne-cm-sec. (3)

The moment of inertia of the disc is

D/2
1=f/

0 phx227rxdx = :'-2" gm-cmz. (4)

The initial angular velocity is

$ .7 .0.02 0.013
o I /2 sec '

When the wire is rotating with angular velocity é. the induced emf
is 6BhD cos §. The induced current i is §BhD cos §/R. The
torque exerted on the wire by the field is
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B2n?D? cos § *
R

'rl'-DMBé'- 8

= -4 x 10-85 cos8 § newtons-m
= -0,46 cos § dyne-cm.

Let w, be the angular velocity corresponding to the natural

frequency of the pendulum,

w, = %’,—’ = 0,628/ sec.

Since éo << w ., we expect the amplitude of oscillation A << 1. The

equation of motion of the disc is

2
;] +Iw B =7,

or
2,2 2 2,2 2
o, 2, "1 _ B°h"D°cosp: B°h’D" «+ ..
9+woe T ° R 6n - iR 8 = -bp (5)
B2n2p?
where b = = " 0.26 and we have assumed the small angle
approximation cos 6 s 1. The solutions of (5) are of the forms:
w,t wt

6 = Ae + Be
where

b+ /4«,: - b2
w '—-—?— = 0.13 1 0.6154.

+

Using the initial conditions 8 = 0 and § = §, at t=0, we find
B=-A
and

A(«D,._-w__)'éo
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or

% _o0.013 _

) “T31 " -0.01061 (radians),

A

Therefore

6 = - 0.0106[e"0-13+0- 6150t _ (-0.13-0.615i)t

-0.13t

1

= 0.0212e¢ sin (0. 615t)

which shows the motion of a damped oscillator with amplitude
0.0212¢”0- 13

(VIII-2) The fact that the system has a resonant frequency at 1000

cycles/sec suggests that L. and C are in series. The condition of

resonance is

Lc-L

YR

a2t
(21r)2 X 106

. (1)

From the condition that 100 volts dc gives a current of 0.1 amp we get

R == = 1000 ohms

<

which must be parallel to L. and C. The total impedance is

1
=§+_1—.

.1
JoL - wC

N|=

where j =+ -1, or

Z= ? (2)
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where

1 wCR
w?LC - 1)

P= tan”

For Vrms = 100 volts and w = 27 x 60, it is known that

I =1 amp. Therefore
rms

v
# = 100 ohms. (3)

rms

|z] =

From (1), (2), and (3) we can solve for L. and C. We find
2
t (;—) -1
R
or

C=2.3%x10"°farads and L = 1.1 x 10"> henries.

(VIII-3) Maxwell's equations in differential form are

*
veeE=p =0 (1)
-
veuH=0 (2)
-+ i';l iwy 2
vxE=-”?=-—cEH (3)
s 7 b
vxH=S+22
c ¢
oﬁ imei.! - iwe
i = £ Vo (4)
c

where we have assumed the time dependence of fields is e"imt

Eliminating H or B from (3) and (4) we obtain

vxvx§=mzi(a-im¢)§ (5)
[
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and

vxvxﬁ=(o-ﬁoe)g'z*ﬁ. (6)
[

For a plane wave propagating in the x-direction, E and H are
functions of x and t only. Therefore we have for (5) and (6)

e s
- Tl =~ (io + we)E
dx <:2 y

a’e

- = =R (io +ue)E
z

dx c

a’u Cw
-—2—!=—%ﬂd + we)H
dx c y

d2Hz "

x c

The solutions to the above equations are of the form

A=A exp(ikx)

where

=9 Ho
k o \ M€ +1i %
is the complex propagation vector.

(VIII-4) The kinetic energy of the incoming particle is minimum
when all the particles in the final state are moving with the same
velocity. This is because, in this case, all the final particles are at
rest in the center of mass system, Therefore the invariant mass of
the final particles is just the sum of the masses of all the final
particles:
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M= +m +2m +m ~5m . 1
mp a p ; P (1)

The conservation of energy and momentum can be written as a 4~

vector equation:

P +P . =P,sP +P +P +P_ +P_, ()
p d "t "p "n "p, Py 3

The squares of the 4-vector momenta are the invariants

2 2
Pp-Pp -mp, Pd-Pd- md
and
P+ P, = -M> (3)
f f

where we have used the convention that ¢ = 1, Squaring (2) and

using (3) to simplify the result, we obtain

2 2 _ an2
mp+md+ 2Epmd-M

where Ep is the total energy of the proton., We get

M2 - m2 - mg
E_-= P = 5m
P 2m P

or the kinetic energy of the incoming proton

K =E -m_=3752 MeV,
p p p

(VIII-5) The circuit equation for the system is

L-:i—t+iR=V

the solution of which is

V. -(R/LE
i R(1 e )
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where we have taken the initial conditiontobe i =0 at t = 0. The
steady current is just V/R. The half time, t, at which the battery
is delivering one-half its steady current, is obtained from the

relation

1y o-(R/L)

Therefore

t=%zn2.

+ o
(VIII-6) From the relation v x A = B, or

A A
-] 2-3 ; .y
oy dz
e P S
9z ax
dA dA
__l-—£=0
dx dy

we get two possible solutions for the vector potential
-+ A

A = (kxz, -kyz, 0) and A' = %(-x2 + vk

which can be related through the Gauge transformation
»> + k2 2

A=A+ -2-v(x z -y z); therefore they are identical,

From the equation

-5
-v¢=B

-, -8 . W%,
or ax ky, Y kx, and 32 0

we get the solution for the scalar potential

ws-kxy"'c.
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where C is a constant,

(IX-1) The induction B at the edge is

ul
o -3 webers
B=gmr " %10 meter -

The force on an electron at the edge is

-» -
i"-eva
or

9 103 x8x103

18

F=1.6x10}
=1.28x 10~ newton (inward).
Therefore the beam tends to shrink,

(IX-2) Inside the space filled with electrons, Maxwell's equations
take the form

- w2 n §
vxEleB; veB=0

Y
vx§=-lue%f:+i?gE

and
-
veE=0. (1)

Eliminating either ﬁ or ii’: with the first and third equations in (1),

we get the wave equation

-
2 E
(02 + ey + 2T § ) =g @
[ Cc ﬁ
or
2 wz 4 Nez
-k +ue-2---—"§‘——-o (3)

[ cm
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where we have assumed the form e.m’ﬁ'ikz for i.i‘ and ﬁ. For

u=1 and ¢ =1, (3)takes the form

2
2 w2 22
K =%a--5 @)
c w
with
2 _ 4nNe
wp m »

where w_ is called the plasma frequency. The index of refraction

is defined by

n=lk, (5)
w

From (4) and (5) we obtain

2
w
ns= 1 - —go
w
For high-frequency w > wp‘ n is real and the waves propagate freely
through the plasma, For frequencies lower than the plasma

frequency wp, n is pure imaginary. The waves are reflected from

the upper atmosphere,

(IX-3) Let us first find the equivalent capacitance,' C, of the

system, Since C C3 are in series, we have

2.

1

; B — L
Cas €3 G
where C23 is the equivalent capacitor for C2 and C3. and since

C23 and C1 are parallel, we find

C=Chs* C
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. _S2Cs
c, + G,

+C,.
2 1

The electrical energy stored in the network is
1 .2
W= 3 cv

C,Cs

2
A
+C

1
==(C, +
271 C2

2
) (CIC2 + C?‘C3 + C1C3)V
2(C2 + C3)

(IX-4) 10"° mm of Hg.

(IX-5)
a, For 0<t< tl' the velocity of the loop is just that of a free

falling body, i.e., v =gt. The velocity at t = t1 is

vy = &ty =~ Zhe.

b, For t <t<t the induced emf in the loop is

1 2

=ﬂ=- -d-é-=-
€ pm Bdt BvW

where A is the area of the loop in the region y < 0. The induced

current in the looP is

I1=- B;"W (clockwise).

The magnetic force on the loop is

2
F=WIB=-B vW

(upward),

The equation of motion is
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Bszz
my = mg - =p—

from which we find

i B -t
_g_ + (gt __g.) mR
B W 1 B W
c. For 1:2 <'t, the only force exerting on the loop is the

gravitational force, The velocity of the loop is

mR mR B:a;vz 3ty
v = TL?, + (gt1 5 2) +g(t - tz).

B W BW

d. If the wire used in making the loop is N times larger than
that used in the above case, we have the relations R' = NR,
W' = NW, and m' = Nm, Substituting R', W', and m' into the
above equation we find
m'R' _ N2mR _mR

w2 aw? w?

therefore
= 1 = = t!
t'l t1 and ViV for t_<__t1 t1
and
Bzwz(t t.)
v.=1n2£$§+(gtl -“;ﬂz-) mR " 10 for t <t<t,
BW B'W

Therefore the motion is not affected.



Solution Set of Electricity and Magnetism 176

(IX-6)

—d—

If the plane is replaced by a point charge -q located on the
z-axis a distance d beyond the plane, the potential at the plane due
to these two charges vanishes. The potential at infinity would also
be zero since the two charges are finite. Therefore the potential due
to the new system satisfies all of the boundary conditions of the old
system and at the same time it is the solution of the Laplace
equation. Since the solution of the Laplace equation with given
boundary conditions is unique, we see that the field on the right side
of the plane is the same as that produced by the two charges. We
have

V= q + | for z> 0,

41re° ’(z - d)2 + r:2 4=1r¢=;c> ,/(z + d)2 + r2

The density of surface charge, derived from Gauss' law is

Vv
og=¢ E=-¢ —
o -} 1 2=0
or
-qd
o = L]
21r(d2 + r2)3/ 2

(IX-7) The total energy of the system is

1 2
W= -2-e°E x (vol,)

-lc EzAx
2°0
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where A =1m2, x=0.0lm, E = 10° volts/m and € = 8.8x 10712
farads/m. The changes in electrical potential energy when x is

increased by dx is
dW = 2eE’Adx,

Since the mechanical work done on the field must equal the increase

in potential energy, we get

Fdx = %eEzAdx

and then
1 .2
F -EeE A
=-;-x 8.8x10 2 x (1052 x 1

4.4x 10”2 newtons.

b. According to Gauss's law we have

o= eoE
=8.8x 10 2 10°
=8.8x107" coul/mz.
(X-1)

a. Copper is a normal metal; the conductivity increases as
temperature decreases. The cause of the increase in conductivity is
that when temperature decreases, the therma?! energy of the electrona
and the atoms in the metal decreases., Therefore the number of
collisions between electrons and between electrons and atoms
decreases. Thus the current encounters less resistance and
conductivity goes up.

b. Niobium is 'a superconducting metal; the conductivity
becomes infinite as temperature goes below the transition
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temperature Tc. A simple explanation of superconductivity is that,
below a certain temperature, the electrons in the niobium are locked
together through the interaction with phonons. Since the electrons
move cpllectively, the collisions between them are negligible, Thus
the current will not be attenuated by a large number of collisions
which convert the electric energy into heat in a nonsuperconductor.
c. Germanium is a semiconductor. At low temperature most
electrons are in the low energy states, and the mean binding energy
becomes much larger than the thermal energy (3/2kT). The number
of conducting elgctrons decreases; therefore conductivity decreases

as temperature decreases,

x-2)
F
B
a, Calculation is similar to problem (VII-1):
o
0 20 -7
L "517‘" 10" 1.4 x 10 " henries,

b. As shown in the above figure, the force on the outer
conductor is in the radical direction., The force tends to burst
apart the cylinder, The general rule is that when the system is
connected to an energy source (e.g., a battery), the potential energy,
as well as the self-inductance L (since V = %le). tends to

increase,
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xX-3)
-Q(-d,d) Q(d.d)
[ ] [ ]

° °
Q(-d,—d) -Q(d,—d)

As far as the field in the first quadrant is concerned, the two
conducting planes can be replaced by three point charges as shown in

the figure. The electric potential in the first quadrant is,

Vixy) = @ 1 + 1
x-d2+@-a° Jx+di+e+ad
1 1 ,

Vx-a2+g+d? Vx+d?+ - o

and V(x,y) = 0 elsewhere.

(X-4)
a. According to Ampere's law, we find the magnetic field to be
Ni

B = HoZ 1)

where N/¢ = 10, 000 turns per meter and i = 100 amp. Therefore

4m x 10" 7 x 10, 000 x 100 = 47 x 10”1

B =
= 1,257 webeq's/meterz. (2)
b. The total flux across any section of the ring is
v = BA = 1.257 x 10" = 7® x 1070, 3)

The self-inductance is

4,2 . -5
LaNe 100G¢%x10" 2 -3
1 10
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T 1072 henries. (4)
c. The induced emf is

€= -L%. (5)

The electrical energy needed to build up the field is,
t i 2
E=-J etdt=LS 1d1 =51 - 50 joules. (6)

d. The energy in the magnetic field is

2 -1,2 2
E--z,B—A.c =%[%x 1074 11=2-x10
Ho 8T x 10
4:5°j0u1e8-

(X-5) The initial charges on the two condensers Cl' C2 are CIV
and C2V. respectively. After they are connected, the total charges
of the two condensers, Qf. is (C1 - Cz)V. The final charge on C1
is

(C1 - C2)VC1
C1 + C2

and the final charge on C2 is

(C’1 - C2)VC2
C1 + C2

The electrostatic energy before connection is
1 2

El = E(Cl + Cz)V .

The electrostatic energy after connection is

2 2.2

1
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Therefore the energy loss is

2
.V 2 )
OE = E - B " 31 7, e, + C,)° - (C,

2
2V CIC2

(C, +Cy)°

Cz)

2

)



HEAT, STATISTICAL MECHANICS, AND OPTICS

(I-1) (5 points) Estimate the specific heat of a one-cent coin,

(I-2) (5 points) Estimate the extent of polarization of atomic hydrogen
in the earth's magnetic field at Berkeley for S, T. P. conditions.

(I-3) (10 points) The molecules of a gas have two states of internal
energy with statistical weights gy g2 and energies 0, ¢,
respectively. Calculate the contribution of these states to the

specific heat of the gas.

(I-4) (15 points) A transmitting antenna for radio waves of 5-m
wavelength is located on the Cliffs of Dover overlooking the English
Channel, 200 m above the surface of the Channel. An airplane flying
just above the surface of the water 20 km away cannot receive signals
from the antenna and thus does not reflect echo signals back to the
transmitting site, Why is this so? At certain altitudes, on the other
hand, the plane will reflect exceptionally strong echoes. What are
these altitudes? (This physical effect was instrumental in the winning

of the Battle of Britain),

182
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(I-5) (20 points) It is desired to take a picture of a distant yellow
object with a pinhole camera in which the distance from pinhole to
film is D, Approximatély what should be the djameter of the pinhole
if the picture is to be of maximum sharpness? In cameras of this
optimum design and using a film of fixed speed, how will the
exposure time for the picture depend upon D;?

(1-6) (20 points) A one-liter bulb at room temperature contains
hydrogen gas at a pressure of 10”% Torr (i.e., 10™ mm of Hg). At
a given instant, t =0, a filament of area 0.2 cm2 is suddenly heated
to incandescence. Under these conditions, hydrogen molecules
striking the filament are dissociated. Neutral H atoms so produced
stick to the walls of the bulb when they strike there, Approximately
how long is the mean free path for hydrogen molecules at the starting
pressure? Derive an expression for the pressure as a function of
time, t. How long does it take for the pressure to drop to a value
10-7 Torr. Neglect any changes in gas temperature induced by

turning on the filament,
(I-7) {25 points) The following data apply to the triple point of water:

Temperature: 0.01°C

Pressure: 4,58 mm of Hg

Specific volume of solid: 1.0907 cm®/g
Specific volume of liquid: 1,0001 cm"/g
Heat of fusion: 80 calories/g

Heat of vaporization: 596 calories/g

Sketch a P-T diagram for water which need not be to scale, but which
should be qualitatively correct. Then consider what happens when the
pressure is reduced slowly from some high value upon an amount of
pure water enclosed in a cylinder and maintained at the temperature
-1°C. Two phase changes will occur., Describe what these phase
changes are and calculate the pressures at which they occur.
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(I1-1) (10 points) Numerical answers should be correct within one
order of magnitude,
(a) What is the number of molecules/ e:m3 of air at S.T.P. ?
(b) What is the mean free path of the N, molecule in air at
S.T.P.?
(c) At what temperature is the root-mean-square velocity of
the N2 molecule equal to the escape velocity from the

surface of the earth?

(I1-2) (10 points)
(a) What is the velocity of sound in air at S, T.P. ?
(b) What is the efficiency of the most efficient cyclic heat
engine operating between heat reservoirs at temperature T1
and T2 where Tl > T2 ?
(c) Adiabatic demagnetization of a paramagnetic salt usually

results in what physical phenomena ?

(11-3) (10 points)
(a) Describe the characteristics of a first-order phase
transition in a substance.
(b) What is the Boltzmann relation connecting the entropy of a
system in a given state and the probability of occurrence of the
state ?
(c) The specific heat of copper is approximately:
) 10”2 cal/gme C
1) 107! cal/gme C
(iii) 1 cal/gm°C
(iv) 10 cal/gm°C
{I1-4) (10 points) The equilibrium temperature of a 100-gram object
is observed as a function of input power (see table below). Later
the decrease in temperature is observed with no power input (see
table on right). Assuming that all parts of the object are at the same
temperature during the cooling, deduce the heat capacity of the object
in joules/gram® C.
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Equilibrium temperature Temperature vs time at zero power input

Temp. Power Time Temp.
20°C 0 watts 0 sec 40,00°C
25° 1 50 35,74
30° 2 100 32,39
35° 3 150 29,76
40° 4 200 27,68
250 26.05
300 24,74
350 23.75
400 22.95
450 22,32
500 21,83

(II-5) (5 points) N particles are distributed among three states
having energies E =0, E = kT, and E = 2kT. If the total
equilibrium energy of the system 1s 1000 kT, what is the value of N?

(I1-6) (10 points) A piece of ice at 0° C and a beaker of water at 0°C
are placed side by side in a small bell jar from which all air has been
removed, If the ice, water, and vessel are all individually
maintained at 0° C by accurate thermostats, describe the final
equilibrium state in the apparatus 1f the system is kept at 0°C,
Justify your answer. (The triple point of water is 0.0098° C and
4,579 mm of Hg. The critical point 18 374° C and 218 atmospheres.)
What is the final state if the temperature is not kept at 0° C and the
system is thermally isolated?

(II-7) (3 points) Estimate the minimum lens diameter required to
resolve objects one foot apart at a distance of 100, 000 ft.

(I1-8) (3 points) A point source of light is viewed through a plate of
glass. Does the source appear closer, farther away, or at the same
distance ?
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(II-9) (3 points) A projector makes an image of a slide on a screen
15 feet from the lens, If the 1-inch dimension of the slide is
magnified to 2 feet, what is the lens focal length?

(II-10) (3 points) Where is the image located that is viewed in looking

through a microscope ?

(II-11) (3 points) A monochromatic beam of light passes through a
narrow slit and the Fraunhofer diffraction pattern is observed. By
what factors do the intensity of the center of the pattern and the total
energy transmitted change when the slit width is doubled?

(11-12) (3 points) Consider Newton's rings viewed in transmitted and
reflected light from a convex lens in contact with a flat glass plate.
Is the intensity of the reflected fringe system more intense, less

intense, or equally intense as the transmitted fringe system ?

(I1-13) (3 points) Circularly polarized light is passed through a
quarter-wave plate. What is the general polarization state of the
outgoing light?

(I1-14) (3 points) A circular opening of variable radius R is placed
a distance D from a screen. As the opening is enlarged from zero
radius, for what radius does the intensity of light of wavelength X\

go to zero for the first time?

(11-15) (3 points) A source and screen are fixed in place a distance ¢
apart. A thin lens is placed between them at a position such that the
source is focused on the screen, For what ranges of lens focal

lengths are there two, one, and no such position?

(II-16) (3 points) Give quantitative estimates for the magnitude and

slope of the index of refraction curve for glass in the visible region.

(1I-17) (3 points) In question (II-16) a particular lens makes a 1/2-
inch image of a 1-inch source., The lens is now moved to the other
position where an image of the source is in focus on the screen,
What is the image size?
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(II-18) (3 points) A star is viewed by eye at night. How large is the
image formed on the retina?

(II-19) (3 points) For what position does a plane mirror produce a

real image?
(II-20) (3 points) What is the Rayleigh Criterion?

(I1-21) (3 points) Two thin lenses of focal length f are placed a
distance ¢ apart. Are there any values of ¢ ? If so, what are the

values of ¢ that lead to a negative focal length for the combination?

(IT1I-1) (10 points) In the system shown in the diagram, rays from a
point object are first deviated by a prism and then focused by a thin
lens of focal length f. The prism is made of glass of index n and

has a small angle a (i.e., small angle approximations are valid).

Object

—r»

(a) Calculate the deviation angle of rays hitting the prism at
nearly normal incidence (i.e., perpendicularly to one of the
faces).

(b) If the distances between object, prism, and lens are as
shown in the diagram, locate the image position both along and

transverse to the axis, *

(11I-2) (10 points) A stack of N glass plates of refractive index n
and thickness t are assembled with each plate projecting a distance

8 beyand the one following it:
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anl

The stack is illuminated from the left by light of wavelength 2.
Considering light coming from each step in the assembly, what is the
condition for constructive interference beyond the stack for small
angles with respect to the incident beam® What is the order of
interference for n=1.,5, t=0.5cm and X = 5000 A” Calculate
the angular dispersion and resolving power for a stack of 40 plates
of this index and thickness, assuming that the refractive index varies
only slightly.
(ITlI-3) (10 points) Right circularly polarized light is passed through
two identical quarter-wave plates whose optic axes make an angle ¢
with each other, The refractive index for the extraordinary rays is
less than that for the ordinary rays.

(a) What is the outgoing polarization state if g = 0° ?

(b) for g = 45°2

(c) for g = 90° ?

(d) Would you say that the two quarter-wave plates are

identical in their effect to a single half-wave plate?
If any of the above answers is circular polarization, state whether
right or left circular polarization. If any answers involve plane
polarization, state the direction of polarization. (Note: In right
circular polarization, the electric vector rotates clockwise as seen

by an observer looking toward the source.)

(I1I-4) (20 points) Suppose you are given the following unlabelled
optical devices:
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(a) Two linear polarizers

(b) A quarter-wave plate

(c) A half-wave plate

(d) A circular polarizer
Describe in detail how you would identify each of the elements without
the aid of any other optical instruments (except a lamp and a screen),

What if in (a) you had only one linear polarizer ?

(III-5) (20 points) Consider a sample of N magnetic atoms, each
with spin 1/2, The system is known to be ferromagnetic at very low
temperatures; thus as T -+ 0 all the spins are aligned. At
sufficiently high temperatures, the spins are randomly oriented.
Neglect all other degrees of freedom but the spin orientation,
(a) Define the entropy of the system:
(i) In statistical terms
(ii) In terms of the specific heat and the (spin) temperature,
(b) Show that the specific heat C(T) must satisfy the equation

[
J, ST - kN gn 2

T
irrespective of the details of the interactions bringing about

ferromagnetic behavior, and irrespective of the detailed dependence

of C on T,

(I1I-6) (20 points) A thin-walled vessel of volume V is kept at
constant temperature T. A gas slowly leaks out of the vessel
through a hole of area A into surrounding vacuum, Find the time
required for the pressure in the vessel to drop to 1/e of its original
value.

*

(I111-7) (10 points) The surface temperature of the sun is

To = 5500°K, its radiusis R= 1T x 1010 cm, the radius of the earth

is r=6,4x 10s cm, and the distance between sun and earth is

D=1,5x 1013 cm, Assume that earth and sun both absorb all EM
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radiation incident on them, and that the earth is in a steady state with

T constant, Calculate T from the parameters given,

(IV-1) (10 points)
(a) A liter of N2
rigid cylinder is raised to 100°C by placing it i contact with
an infinite reservoir at 100° C, What are the chHanges in entropy

gas at atmospheric pressure and 0°C in a

of the N2 and the universe?

(b) Assuming that one wall of this cylinder is allowed to act
like a piston, describe a means of raising the gas temperature
to 100° C (with the final volume of 1 liter) such that the entropy
change AS = 0 for the universe. (Gas constant

R = cal/mole.)

(IV-2) (10 points) Show how a third lens may be inserted in the
optical instrument shown to increase the light-collecting efficiency

without changing the image and object positions.

r__zo cm

Object

F=10cm F =10cm

Indicate the position and focal length of the additional lens,

(IV-3) (5 points) Newton's rings are formed by reflection in the air
film between a plane surface and a spherical surface of radius 50 cm.
If the radius of the third bright ring is 0.09 cm and of the twenty-
third 0.25 cm, what is the wavelength of the light used?

A= cm,
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(IV-4) (15 points) Given a box of air with wall temperature Tl'
There is a small amount of water lying on the floor of the box, at
equilibrium, The volume is V1 and the pressure is Py The
volume of the box is now slowly increased, keeping the temperature
T1 constant. When the volume has doubled to Vz = 2V1 the water
on the floor has essentially disappeared, If P, = 3 atmospheres

and Py = 2 atmospheres, what is the wall temperature T1 ? If the
volume is doubled once more to V3 = 2V2. what will be the pressure
p3? If V2 = 44, 8 liters, what is the mass of the water (liquid or

vapor) in the box? What is the mass of air?

(IV-5) (10 points)
(a) Calculate the change in entropy when one mole of an ideal
gas is allowed to expand freely into double its original volume.
(b) What is the entropy change when one mole each of two
distinct noninteracting ideal gases are allowed to mix, starting
with equal volumes and temperatures ? '
(c) What entropy change is there when the valve connecting two
equal-volume and -temperature bulbs of the same gas is

opened?

(IV-6) (20 points) Suppose right-handed circularly polarized light
(defined to be clockwise as the observer looking toward the
on-coming wave) is incident on an absorbing slab, The slab is
suspended by a vertical thread, The light is directed upwards and

hits the underside of the slab,
(a) If the circularly polarized light beam has 1 watt of visible
light of average wavelength 6200 ;\, and if'all of this light is
absorbed by the slab, what is the torque, r, exerted on the
slab? (Give the answer to (a) in dyne-cm and the answer to the
remaining parts in units of r.)
(b) Suppose that instead of an absorbing slab you use an
ordinary silvered mirror surface, so that the light is reflected
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back at 180° to its original direction. What is the torque now”
(c) Suppose that the slab is a transparent half-wave plate. The
light goes through the plate and doesn't hit anything else, What
is the torque? (Neglect reflections at the surfaces of the slab,)
(d) Suppose the slab is a transparent half-wave plate with the
top surface silvered, so the light goes through the half-wave
plate, reflects from the mirror, and returns through the plate.
What is the torque?

(e) The slab is a transparent half-wave plate. Above the slab
is a fixed quarter-wave plate (i.e., not attached to the slab)
silvered on the top surface so as to reflect light back through
the slab. What is the torque exerted on the slab?

(IV-7) (20 points) Give short answers:
(a) A community decides to limit its population by requiring that
couples stop producing children after their first boy is born, If
514 of the children born are boys under unlimited conditions,
what fraction of the children born under the limited scheme will
be boys? Why?
(b) Given an apparatus for emitting and detecting electromag-
netic waves at all frequencies, design an experiment to deter-
mine whether an object under consideration is a black body.

(}V-B) (10 points) A sample of protons (in some crystal) is in a
uniform external magnetic field B. When the sample is irradiated
by electromagnetic waves of suitable polarization, the maximum rate
of power absorption (due to flipping of proton spins) occurs at a
frequency of 100 Mc. What is the fractional polarization P of this
sample of proton spins, with this field B, and assuming room
temperature? Note: P is defined as N(up) - N(down) divided by

N(up) + N(down),

(V-1) (5 points) Sketch in Fig. 1 (roughly to scale) the specific heat
for hydrogen gas.
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Cv  (units)

(V-2) (5 points) A 100-ohm resistor carrying a current of I amps is
maintained at a constant temperature of 30°C by a heat bath, What
is the rate of entropy increase of the resistor?

joules/°K/sec

(v-3) (5 points) At low temperatures, He4 is used as a heat-
exchange medium. At similar temperature and pressure, would the

heat exchange using He3 be smaller, the same, or larger?

(V-4) (5 points) A gas-filled tube is whirled about one end with
angular velocity w. What is the equilibrium density distribution in
the tube ?

p(x) =

(V-5) (5 points) A sphere (moment of inertia I) is suspended from
a thin filament (restoring force C) in a gas at temperature T.

What are the mean values for:

2 +2

62 6

If the pressure of the gas is now reduced to 10-6 P,
2 w2

] 0

(V-6) (5 points) What is the efficiency for a reversible engine

operating around the cycle illustrated?
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B
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(V-7) (5 points) It is desired to cool a gas by expansion through a
porous plug. Should the initial conditions be chosen so that
ah/ap)T is greater than, equal to, or less than zero?

(V-8) (5 points) A particle undergoes Brownian motion in a gas at
temperature T and pressure p. The mean-square displacement is
inversely proportional to the viscosity. Will the mean-square
displacement be smaller, larger, or remain the same if the pressure

is halved?
2 2
d, _ = d

(p—1/2po) (po)
(V-9) (5 points) A radiation gas of temperature T fills a cavity of
volume V. The system expands adiabatically and reversibly to a
volume equal to 8V, By what factor does the temperature change ?

Tf=__T1

(V-10) (5 points) A thermally insulated system consists of a mass
suspended from a spring, initially displaced a distance A from its
equilibrium position, The mass is released and gradually comes to
rest due to internal damping. Does the entropy of the universe
change? If so, by how much?

as =
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{(V-11) (5 points) Assume that the electrons inside a 1-cm cube of
copper at zero °K behave like a completely degenerate Fermi gas.
Indicate the characteristic features of the energy distribution

expected for the electrons,

dN/dE «

E «
max

(V-12) (10 points) Compute the minimum amount of work (joules)
required to freeze one liter of water originally at temperature
T = 20°C. Consider the heat reservoir to be at 20°C. The heat of

fusion of water is 80 cal/gm.

(V-13) (15 points) Calculate the boiling point of water at an altitude
of 1, 000 feet. State clearly the steps in the calculation and the

approximations made, The heat of evaporation of water at N, T, P,

is 540 cal/gm.

(V-14) (10 points) The specific heat capacities of liquid water and
ice at atmospheric pressure and for several degrees Celsius below

the ice point are given by the equations
cp(water) = 4222 - 22,6t

cp(ice) = 2112 + 7,5t

in joules per kilogram-degree. What is the specific entropy in
joules/degree for each system at -10° C? (Choose a convenient
reference.) Which of these systems may be considered in the more

ordered state ? ~

(V-15) (10 points) Two lenses, with focal lengths 20 cm and 30 cm,
respectively, are separated by a distance of 10 cm. An object of
5-cm length is put in front of the first lens perpendicular to the
optical axis, The distance from the object to the first lens is 30
cm. Find the size of the image behind the lens system, State also
whether the image is erect or inverted.
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(VI-1) (10 points) Interference fringes are produced by a thin,
wedge-shaped film of plastic of refractive index 1.4, If the angle
of the wedge is8 20 seconds of arc and the distance between fringes
is 0.25 cin, find the wavelength of the monochromatic light incident
perpendicularly on the plastic.

(VI-2) (10 points) Two identical bodies of constant heat capacity Cp
are used as reservoirs for a heat engine, Their initial temperatures
and T,, respectively. Assuming that the bodies remain at

1 2
constant pressure and undergo no change of phase, derive an

are T

expression for the maximum work obtainable from the system.

(VI-3) (10 points) A cubical container, 1 cm on a side, contains
helium at standard temperature and pressure, Estimate, to within
a factor of ten,

(a) the number of collisions per second experienced by any one

helium atom
(b) the number of collisions that the atoms make with one wall

of the container in one second,

(VI-4) (10 points) In a perfect gas of electrons, the mean number of

particles occupying a single-particle quantum state of energy Ei is:

- 1 _1
e +1

(a) Obtain a formula which could be used to determine y in
terms of the particle density n, the temperature T, and
various constants,

(b) Show that the expression above reduced to the Maxwell-
Boltzmann distribution in the limit m3 <<'1, where )\ is the
thermal de Broglie wavelength.

(c) Estimate the quantities in the inequality for the electron
gas in a metal at room temperature, and show that Maxwell-

Boltzmann statistics may not be used for that gas.
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(VI-5) (10 points) The index of refraction n(w) of an ionized
medium, for an electromagnetic wave (of angular frequency w)
propagating parallel to a constant magnetic field, is given by

ni_ w)=1- Wlit—n_)-;

where K and Q are constants, and + refer to circular
polarization in the opposite and the same sense, respectively, as the
gyration of electrons in the magnetic field, Consider a slab of this
medium, of thickness L, with the magnetic field normal to the
slab. A plane-polarized monochromatic electromagnetic wave is
normally incident on the slab. Neglecting reflection from the slab
surfaces, find the amount of Faraday rotation, i.e., the angle
through which the plane of polarization is rotated in traversing the
slab, in terms of the given constants. Assume ® sufficiently large

2
that n_ > 0.

|3

L.

- Magnetic hicld

fa—|. —>

(VI-6) (5 points) While an aquarium is being filled with water, a
motionless fish looks up vertically through the surface of the water at
a monochromatic plane-wave source of frequency, v. If the index of
refraction of the water is n and the water level rises at a rate

dh/dt, calculate the shift in frequency which the fish observes,

(VI-7) (5 points) A quartz crystal has indices of refraction

n, = 1.55379 and n_ = 1.54225 for light of wavelength 5829.90 A.
How thick must a parallel plate of quartz be cut, with the optic axis
parallel to the surfaces, to make a quarter-wave plate?
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(VI-8) (10 points) The resolving power of a Fabry-Perot

interferometer is given by

A _mmr
ax l-rz

where m is the order of interference and r“ is the reflectance of
the mirrors (and r2 is not much less than unity). A gas'laser has
mirrors at its ends and produces a spectrum of lines which are
separated according to various orders of interference between the
two mirrors. Assume that the laser is 30 cm long, and the
wavelength is 6000 A.

(a) Find the separation between two neighboring lines given

out by the laser around 6000 A.

(b) Calculate the reflectance of a Fabry-Perot interferometer

with 1,5-cm plate spacing such that this F.P. can just

resolve the line spacing found in part (a).

(VI-9) (20 points) Given the 3-media shown, an incident plane
electromagnetic wave of intensity Io enters normal to the interface
from medium 1,

(a) Find the intensity of the wave transmitted into medium 3.

(Medium 3 extends indefinitely downward.)

(b) Find the intensity of the wave in medium 1 which returns in

the direction opposite to the incoming wave.

€1

€2.1)

B
N
NN

(VI-10) (5 points) Considering the limitations imposed by diffraction,

€3.43

calculate the greatest distance ¢ at which the human eye can

distinguish the two headlights of an auto.

4= meters
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(VI-11) (5 points)
(a) For maximum polarization of light by reflection from a
plane dielectric, what is the angle between reflected and
refracted rays?
(b) What is the angle between refracted ray and the normal to

the dielectric surface?

(VII-1) (3 points) A double slit is illuminated first by red light and
then violet light., Which color gives the wider interference pattern
beyond the double slit?

(VII-2) (3 points) If an object is placed at the center of curvature of

a concave spherical mirror, where is the image located?

(VII-3) (3 points) In what plane is the E-vector of light polarized

after being reflected from glass at Brewster's angle?

(VII-4) (3 points) A beam of light, initially converging toward a point
P, is made to pass through a plate of glass before reaching P. If
the plate of glass-is erected perpendicular to the axis of the beam of
light, in which direction is the point of convergence shifted?

(VII-5) (3 points) An object is placed on the axis inside the focal

point of a thin, positive lens., Where is the image located?

(VII-8) (3 points) Within a given order of a diffraction grating, which
color (red or violet) is located closest to the next higher order?

(VII-7) (3 points) For a thin positive lens, is the.focal length for red
light longer or shorter than that for violet light?

(VII-8) (3 points) An object is placed on the axis outside the focal
point of a thin, negative lens. Is the image real or virtual?

(VII-9) (3 points) What type of aberration is present in lenses and
absent from mirrors?

(VII-10) (3 points) What types of phenomena provide direct
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experimental proof of the transverse nature of light?

(VII-11) (3 points) For maximal polarization by reflection, what is
the angle between the reflected and refracted rays”

(VII-12) (3 points) For a given thick lens, what condition must a ray
not parallel to the axis satisfy to go through the lens undeviated”

(VII-13) (3 points) What is the range of frequencies for visible light?

(ViI-14) (3 points) A monochromatic beam of light goes from vacuum
into a medium of refractive index n, What is the relation between
the frequencies of the incident and refracted waves? What is the

relation between their wavelengths P?

(VII-15) (13 points) A paperweight in the form of a glass hemisphere
is placed, flat surface down, on a page of a book. Calculate the
position and magnification of the image of the type at the center of the
flat surface of the hemisphere, Illustrate this result with a ray
diagram, using an arrow to represent a letter of type on the page of
the book, Take the index of refraction of the glass as 1.50.

(VII-16) (15 points) The diagram shows a double slit experiment in
which monochromatic light of wavelength A\ from a distant source is
incidert upon two slits, each of width w (w << )), and the
interference pattern is viewed on a distant screen,

A thin piece of glass of thickness §, index of refraction n,
is placed between one of the slits and the screen, and the intensity
at the central point C is measured as a function of thickness &. If

the intensity for § = 0 is given by Io:

(a) What is the intensity at point C as a function of thickness
5°

(b) For what values of 5 1is the intensity at C a minimum?®
(c) Suppose that the width of one of the slits is now increased
to 2w, the other width remaining unchanged. What is the
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intensity at point C as a function of § ?

Assume that the glass does not absorb any light.

(VII-17) (20 points) Sound velocity is about 330 m/sec. Consider a
whistle that emits a steady note at 3300 cps. Far from the whistle
is a circular slab of perfect sound-absorbing material, of diameter
2 m. The slab is oriented perpendicular to the direction from
whistle to center of the slab.

If your head is behind the center of the slab, you cannot hear
the whistle. If you go very far downstream from the slab and locate
your head so that the slab "hides' the whistle and is centered on line
of gight from you to whistle, you might think you could not hear the
whistle., Instead, if you are far enough downstream, you can hear
the whistle as plainly with the slab in place as with the slab removed.

(a) Why is that? (M: Neglect effect of ground, of buildings,

trees, etc. Let the whistle be in free space--but in air, Both

you and the slab are suspended in free air by balloons or
something.) ’

(b) In as simple a way as possible, derive a formula that you

then use to answer the following question: about how far

downstream (in meters) from the slab must you be for the

insertion of the slab to reduce the sound intensity by about a

factor of 2? We want to know this distance only to within a

factor of 2,
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(VII-18) (10 points) A laser beam ( = 6000 A) on earth is focused,
by a telescope of lens (or mirror) diameter 2 m, on a crater on the
moon (distance 400, 000 km). How big is the spot on the moon?

Neglect the effect of the earth's atmosphere,

(VIII-1) (5 points) A gas of molecules of mass m is enclosed in a
stationary tank, Suppose the gas to be in equilibrium at the absolute
temperature T, If Vx denotes the x-component of the velocity of a

molecule, find the following mean values:

2 3
v, = . VL= . V=

(VIII-2) (5 points) In the Millikan oil drop experiment, the terminal
velocity with which the oil drop falls is inversely proportional to the
viscostty of the air, If the temperature of the air is raised, does

the terminal velocity of the drop increase, decrease, or remain the

same ?

(VIII-3) (5 points) Fifty grams of milk at temperature T, are

1
slowly poured into 250 grams of coffee at temperature ’]‘2. Assume
the specific heats of both liquids to be the same as that of water,
What is the final temperature Tf after equilibrium is reached?

What is.the total entropy change AS?

(VIII-4) (5 points) An ideal monatomic gas is compressed (no heat
being added or removed in the process) so that its volume is halved.

What is the ratio of the new pressure to the original pressure?
(VIII-5) (5 points) The molar specific heat C of electrons in a
metal is given by C = yT, where T is the absolute temperature

and y is a constant. What is the contribution of these electrons to

the molar entropy of the metal ?
S =

(VIII-6) (5 points) The motion of atoms in thermal equilibrium at
absolute temperature T produces a Doppler shift in the frequency of
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an emitted spectral line. If v, is the z-component of the molecular
velocity and Vo is the intrinsic frequency of the line, then the
observed frequency is given by v = vo(l + vz/c). What is the
observed mean-square line width?

(v -vo)2 =

(VIII-7) (5 points) A solid of density 0, melts at pressure p and
absolute temperature T to form a liquid of density Pyr The latent
heat of melting per gram of solid is L. Find the change of entropy
AS and the change of internal energy AU resulting from the melting

of a gram of the solid.
AS = , AU =

(VIII-8) (5 points) An atom can be in each of two quantum states
separated by an amount of energy E. Make a qualitative sketch of
the specific heat C of a collection of such atoms as a function of
absolute t®mperature T, Be sure to indicate correctly what happens

in the limits of T+ 0 and T =,

(VIII-9) (5 points) Consider an ideal gas of diatomic rigid (i.e.,
nonvibrating) molecules. What is the molar specific heat of this gas,
taking into account quantum mechanics (a) in the limit of ""low"
temperatures and (b) in the limit of "high" temperatures. (You must

interpret for yourself the meaning of ''low' and "high.")

(VIII-10) (5 points) LLet E(A\)d\ be the radiation emitted per second
by a black body in the wavelength range between A and A + dA. The
graph shows a plot of E(A) vs A for a temperature of 200°K. On
the same graph, draw a plot of E(A) vs A for :I‘ = 1000°K in

reasonable proportion. Let A* denote the wavelength,
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EQ0)

(VIII-11) (20 points)

(a) Calculate the maximum work in joules obtainable from a
heat reservoir consisting of 200 kg of iron heated initially to a
temperature of 1500° C, using the ocean, at 12°C, as the
second heat reservoir. Assume that the specific heat capacity
of the iron is constant and equal to 0,60 joules/grarr;-deg.

(b) Calculate the entropy change of the universe in this

process,

(VIII-12) (20 points)
(a) A half-silvered mirror will reflect half the incident light
and transmit the remainder. Suppose the light is plane-
polarized so that the incident electric vector lies in the plane
of the mirror. Calculate the phase changes appropriate to the
reflected and transmitted components. (Assume mirrors of
zero thickness.)
(b) A monochromatic coherent light beam, polarized as above,
originates at A and passes through a rectangular array of
mirrors., Mirrors C and D are totally reflecting, while B
and E are half-reflecting. The optical lengths are chosen so
that total destructive interference occurs at G, Conservation
of energy requires that there be total constructive interference

at F. Show that this actually occurs.
t ¢
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C D

(VIII-13) (10 points) Rays from an object immersed in water

(n = 4/3) traverse a spherical air bubble of radius R.
(a) Locate the image of an object which is very distant from
the bubble (i.e., x = » on the diagram). State whether the
image is inverted or erect, real or virtual.
(b) Repeat part (a) for an object located at the left bubble
surface (i.e., x = 0 on the diagram), Consider only rays

close to a diameter of the bubble,

A\

o

Object Observer
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(I-1) The main point of physics here is the fact that at ordinary
temperatures copper obeys the law of Dulong and Petit, i.e., the
molar heat capacity is 3R = 6 cal/mole-deg.

The atoms of copper vibrate in three dimensions about
equilibrium sites. Since the potential energy of the atoms is
quadratic in the x, y, z displacements from the equilibrium
positions, and since the kinetic energy of the atoms is quadratic in
dx/dt, dy/dt, and dz/dt, there are six degrees of freedom. The
frequencies of vibration are such that kT >> hw, so that the
classical law of equipartition of energy holds for each of these
degrees of freedom, and the molar heat capacity is (6 )(-;-R) = 3R.

Specific heat is strictly heat capacity relative to water or heat
capacity per gram, since the heat capacity of water is by definition
one calorie per gram degree. Thus the mass of the one-cent coin

is irrelevant, but the atomic weight of copper is relevant.

1 mole
c, ~ 3R(calories per mole degree) x (_63. 5 gm)

calories
gram-degree °

nl

0.1

5
63.5

(I-2) This #s an order-of-magnitude question. The extent of
polarization will be of the order of yH/kT, where _;, is the Bohr
magneton., A simple Boltzmann factor argument shows that the
percent polarization is, in fact, 100 yH/kT.

Most physicists remember that the Bohr magneton
~ 10-20 emu, which is easily computed from = efi/2mc. The
earth's magnetic field is about 0.5 gauss, Thus at S.T.P.,
WH/KT ~ (1072%)(0,5)/ (1.4 x 107 16)(273) ~ 1077 s0 that the

polarization is very small indeed.

206
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(I-3) The formal means of solving this problem is to form the

molecular partition function
Z=g *e, exp(-¢/kT)
and to use the formula which relates the internal energy to the

partition function., However we will give a solution which requires

only the use of the Boltzmann factor. Let

number of molecules in state 1

n

1
n2 = number of molecules in state 2
then
n g
2. (—2-)exp(-e/ kT).
nog

If we consider one mode of gas then n1 + n, = N = Avogadro's

number, Solving

N-n

1, B2
(n ) = ()exp(-¢/kT)
g
1 1
or
n os—N____
1 g
1+—2-e-e/kT
€
g, _
N-2e ¢/kT
n, = gl
2 g
1+—2e-e/kT
g,
g, _
Ncg—2 e e/kT
U =n.e +n = 1

int - "1%1 7 "o%2 g
1 +=2 ¢ €/kT
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then the molar specific heat at constant volume is

au

( int
(Cv)lnt 9T )v
g, _ g, _
= (1 + =267 kT 2 7€/ KT 1yer?)
g g
1 1
g, _ g, .
- Ne_2¢7S/KT 22, e/kT( ez)
g, g, kT
g, _ 2
a +-2¢ e/kT)
g
Ne2 82 -e/kT Ne? +¢/KT
—33g.° 3 818°
kT & _ kT
= 2 " kT 2
(1 + 22 7e /KT, (glee/ t ey

1

(I-4) This is essentially Lloyd's mirror,

Q.

[N

| Anter_nla_
'y
f_ H
h
b
%, 4L

X w;ﬂ\~/

When the plane is very near the water, it receives a direct

wave plus a reflected wave of the same path length., (In the above

figure, the plane is shown a little bit above the water to prevent the

two paths from being completely superposed,) Since there is a
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phase change upon reflection, at grazing angle the direct and
reflected waves cancel and no signal is received,

For a sufficient height above the water, a path difference of
A/2 between the two waves will occur and we get a maximum signal,
Similarly, when the path difference is (n+ 1/2A (n =0, 1, 2, etc.)
there will be maxima. For a path difference of (n + 1/2)\ we find
(n+1/2) S2Hsein® or H+h=dsing = (n+ 1/2)d/2H. Here
Ad/2H = (5)(2 x 104)/ 2(200) = 250 m. Thus maxima occur at heights
of h=((3/2,5/2, etc.) x 250 - 200)m.

(I-5) When the pinhole is quite large, a point on the object is imaged
as a geometrical shadow of the front of the camera or as a disc of
diameter d, the diameter of the pinhole. When the pinhole is quite
small, the image of a point on the object is a diffraction disc of
diameter = 2 x (1. 22%) ~2.4)/d or linear diameter = 2,4\ D/d.
Since we want to minimize the size of this image disc for maximum
sharpness, the best pinhole size will be near that which makes these
discs equal in extent or

a= z.4"—d’2 or d=VZ.4\D,

The light falling on the pinhole is proportional to its area or to
dz. The area of the image of the object is proportional to Dz. Thus
L, the light per unit area on the film, is proportional to

2
d = —AD = .L- A‘—
-D—f 2.4 3 -2.4D. LQD.

The exposure time is reversely proportional to L or directly
proportional to D,

(I-6) The mean free path is given by A ~ 1/nS where
n = molecules/ cms and S = ‘rdz = collision cross section. Here

n = (10"4/760)(6.0 x 1023/23.4 x 10) = 3.53 x 10'2, A good
estimate for d would be 4 times Bohr radii or 2 x 10'8 cm,
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Combining these quantities

A =1/3.5 x 10*2)r(4 x 10718) = 230 cm.

This shows that the atoms of active H travel directly to the walls

after dissociation without striking other molecules first. The

"rate-limiting step' is thus the dissociation at the filament,
The rate at which molecules strike the filament is

(1/4)nvA, where the mean molecular speed v = (8RT/ 1rM)1/ 2.

Thus

-(vA/4V)t

d It e .
Et-(nV) =7 nvA or n-noe

where V is the constant (1-liter) volume. Since the pressure is

proportional to n, the above equation becomes

-(VA/4V)t
p=pe [V,

The decline in pressure is exponential. The pressure drops by a

factor ten when

-(vA/4V)t _ _vAt ___ 1

e =0.1 or -7 =- g 4343
or

) 4v

t = 0.4343)%A °

Using V = loacma. A = 0.2cm2, and

m(2) sec

7
-. j(s)(s.sl x 10300) _ |7 4, 10f SR

we find

@o’)
(.4343)(17. 8 x 10%)(0. 2)
= 0.26 sec. per pressure drop by factor 10,

t=



Solution Set of Heat, Statistical Mechanics, and Optics 21

For a pressure reduction by 10, t = (3)(0.26) = .78 sec.

(I-7) The P-T diagram for water is sketched below, The melting
curve has a negative slope and there is a discontinuity of slope at
the triple point between the sublimation and vaporization curves,

Both of these effects can be understood from the Clausius-Clapyron

equation:
a° __L_
dT TaAV*®

The melting curve has negative slope for water because the volume
of the solid is greater than the volume of the liquid. The slope of
the vaporization curve is less than the slope of the sublimation
curve because the latent heat is less for vaporization than for
sublimation by the latent heat of melting.

P

T

The process described in the problem is the vertical track
going downward on the diagram through points A and B, At point
A solidification of the high-pressure liquid occurs, At point B
vaporization of the solid occurs.

To calculate P A Ve must reckon the change in pressure of the

melting curve for a reduction in temperature of 0.99°.

7
dP L (80)(4.186 x 10 ) 2 1 atm
—=_~————_-———;dyne/cm degx
dT TAV ~ (273)(1.0001 - 1.0907 1.013 x 106 j e/cmz

= -134atm/deg.
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Thus

PA = P(triple point) + (134)(0. 99)
= P(triple point) + 133 atm
= 134 atm,

To calculate PB. we must reckon the change in préssure of
the sublimation curve for a reduction in temperature of 0.99°. For
simplicity, we will assume this vapor obeys the ideal gas equation

PV = nRT. Therefore

v = (22.4 x 107 10_,. 760

vapor 18 '4.5 08)

= 2,06 x 10 cc/g,
and

_ (80 + 596)(4. 186 x 10 ) 1 mm of Hg
(273)(2. 06 x 10°) (1.359)(980)dyne/cm3

dT
= 0. 378 mm of Hg/deg

from which we find

P, = P(triple point) - (0.378)(0.99) = 4,58 - 0.38 = 4,20 mm of Hg.

(11-1)

N 23
a. n-= v_o_ = -G-M—a- ~ 3 x 1019 molecules/cms.

o 22.4x10

b. mean free path L, = 1/ 1mo2, where o is the diameter of the
N2 molecules, Since
o~ 3 x 10.8 cm

then
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- 1 L1
rx3x100x 3 x10°%% 85x10°

~1.2 x 10.5 cm,

c. The mean kinetic energy of one Nz molecule is

1
§m<v2>

which should equal to (3/2)kT. We have

1 3
§m<v2> = kT (1)
or
3kT
l<v2> = \[—; . (2)

The work done to the earth gravitational field when a particle
escapes from the surface of the earth is

work = potential difference x b = -mg fr

dr (3)

Nl O"N

or

= mgr

where r, is the radius of the earth, Using (1) and (3) we find the

condition for the N_ molecules to escape from the surface of the

2
earth is:

.

3
-ikT = mgro

or
Mg 8
dmgr, 2MEY, 3 28 x 980 x 6.88 x 10'

T B eomnemmm— B
3k SR . 3x8.31x10'
~ 140, 000°K, where M = 28 gm 1is the molecular weight of Nz.
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(11-2)
a. The velocity of the sound in air is

R= 8,31 x 10'7 ergs/mole and T = 273°K
from which we find
V ~ 331 m/sec.

b. Efficiency = (T, - T2)/T1 with T > T,.
c. The temperature of the system drops to a very low value

~ 0.01°K,

(11-3)
a, Let gl(P. T) and gz(P. T) be the Gibbs function for the two
phases of the substance. In the first-order phase transition, the

following properties hold:

gl(P. T) = gz(P. T)

but

agl(P. T) agz(P. T)
8T aT

and

2g,(P,T) 2g,(P, T)
#
3P aP

where T and P are the transition temperature and vapor pressure,
respectively. For a simple system which can be represented by P,
v, and T we have
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dg = -8dT + vdP
which implies

g _ o8 .
s and 3P V.

aT
Therefore we see that
s, 4 8, and v, ﬁvz.

b. s =k gn W where W is the probability of occurrence of the
state,
c. From problem (I-1) we know the molar heat capacity is 3R

and the specific heat is

c = E_R—.., 10-1 cal
v 63 gm-°c "’

(II-4) Let S(T) be the heat capacity of the object, Win(T) be the
input power, and Wloss(T) be the heat loss per second as functions
of the temperature T. At equilibrium, we have the relation

Win(T) = Wloss(T)'

During the cooling, wloss(T) is relatedto S and T by

AT _
S(D 57 = W, oD (1)

where AT/At is the temperature change per unit time., Using the
cooling data, we first plot both T and AT/At as functions of t
(see the following plot). From these curves we obtain the value of
AT/At corresponding to T = 25°, 30°, 35°, and 40°C. Substituting
AT/At into (1), we obtain S(T) which is listed in the table below,
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X 10~2
't
‘i 6
B =
< ‘
)
: ‘1 X\ —y40*
‘o. 30 =
3s° . <
- 30° T(C) dw =
2s°
- 10*
AT/At (°C/sec)
100 5'5 % 4'(*'0 s%'o*
t (sec)
w
- AT _ in
Temp. W, =W es 7t S = 3T7at
(youles/100gm-deg)
25°C 1 0.026 38
30°C 2 0. 046 43.5
36°C 3 0.072 41,6
40°C 4 0.097 41

It is trivial to divide the above value of S(T) by the mass of the
object (100 gm) to express s(T) in unit of joules/gm-deg.

(II-5) According to Boltzmann distribution we find Ni(El) is
proportional to exp(-El/ kT) where N, is the number of particles
in state { (1 =1, 2, 3). Therefore we have the relation

N, :N,:N_=1:e :e (1)

for E1 =0, Zli.‘2 = E = kT, and E3 = 2E., Since the total number of
particles is conserved, we find
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N1+N2+N3=N.

From (1) and (2), we obtain

N, = ~ 3.’
(1+1/e+1/e)
N, = ~ 2 %
(1+1/e+1/e”)
and
- N 1
Ns 3"

(1+1/e+ 1/e2) e
The total energy of the system 1s

E=EN_ +E N2+E3N3

171 2
- B PPy
1+1/e+1/e

which is known to be 1000 kT, Therefore we have

- 1000(1 + e.l + e-z)

e.1 + 20.3-2

N

s~ 2400,

(I1-6)

T(°C)

Use Gibbs' phase rule

F=zc-p+2

217

(2)

(3)

(1)
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where F 1is the number of degrees of freedom, c¢ is the number of
components in the system and p is the number of phases,

a. In this problem, the temperature is fixed at 0°C. We have
lost one degree of freedom. With ¢ =1, p =2, and fixed
temperature, we find F =1- 1=0. This means that the equilibrium
state is just one point in the p-T diagram which is determined by
the pressure only, and in that state there cannot be more than two
phases present, The initial vapor pressure is zero. From the above
pressure-temperature diagram, we see both water and ice have to
vaporize, The vapor pressure is thus increasing until it reaches the
point A. The final state is that all the water has vanished; part of it
changes into vapor and the rest of it becomes ice. The final state of
the system is at A in the p-T diagram.

b.‘ If the temperature is not kept constant, from the phase rule
we find p=3 for c=1 and F =0, i.e,, all three phases can
exist simultaneously. The final state is the triple point.

(II-7) The minimum angle of resolution for a circular lens is

x A, - 1.22\D
es—D 1.223, or d 1'222°

Using A.= 500 A, x=1ft, and D = 100, 000 ft, we get

d=1.22x5x10"° cm x 10° ft/1ft=6.1 cm.
(II-8) Closer.

(II-9) The ratio of the image distance, q, to the object distance,
P, equals the magnification factor which is given to be 24,
Therefore we obtain

Substituting the known values of p and q into the lens formula
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1 1.1
[
we find
3
f—gft.

(II-10) Usually it is 25 cm from the eye; this is taken to be the

-

standard distance of most distinct vision,

(II-11) The amplitude at the center is proportional to the width of
the slit. Therefore the intensity of the center of the pattern
increases by a factor of 4. The total transmitted energy increases
by a factor of 2.

(II-12) Since the reflectance of glass for normal incidence is small,
the intensity of the reflected fringe system is less intense than that

of the transmitted fringe system.
(II-13) Linear polarization,

(II-14) The intensity goes to zero when the radius of the opening

corresponds to the radius of the second Fresnel zone. We have
R =N22D. )
(I1-15) Using 1/p + 1/(2-p) = 1/f, we can solve for p:

a+ [1-3,

) = 1

e

The conditions are:
24< 4f; £ =4f; and g > 4f

corresponding to 0, 1, and 2 real values of p, ‘respectively.
(11-16) n=1.5 and $2=10"%/4.

(11-17) p, +q, = ¢ where M, =q_/p, = 1/2; thus 2q, + q, = £.
1 1, 1 !t 1’71 11 1
Therefore P, = t. q = '3-5. If we move so that P, =3 =4, then

q, 33 and M, = qz/p2 = 2, Thus Mz x 1 inch = 2 inch.
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(11-18) The first minimum in the Fraunhofer diffraction pattern

appears at

e = 1.225-.

Therefore the diameter of the image of the star is

Aoy - 2,442
ds 2x(1.22d)D-2.44d

where d is the diameter of the pupil and D is the image distance.
If we assume that d= 5 mm = 0.5 cm and that D= 3,0 cm so that
D/d=6, then

d s B, 44 x 61 = 14.6 x 5 x 10" °em = 7 x 10”*em.

(1I-19) For a virtual object behind the mirror,

(I1-20) According to the Rayleigh criterion the maximum resolving
power of an optical device corresponds to the condition that the
principal maximum of a diffraction pattern of one point cbject falls
exactly on the first minimum of the diffraction pattern of an adjacent
point object. This is taken to correspand to the smallest angular

separation the device can resolve. For the circular opening we find
= A
8 =1,22 3

where d is the diameter of the aperture,

(II-21) When f< g < 2f, the focal length of the system is negative.

(11r-1)
a. By Snell's law we have

sing, = nsing,. (1)

For small 91 and a, (1) becomes

9, = nt (2)
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Similarly,

94 =n93. (3)

Using simple geometrical relations between angles of triangles, we

obtain

at+mT-a=T Or a=a

and

a=(6,+80,) (4)
and

6 =(6, -0, + (6, -8,). (5)

From (2), (3), (4), and (5) we get
6 =(n - 1a,
which is independent of incident angle 8,-

b, Let o' be the virtual position of the object viewing behind
the prism. From part a, we see each ray is deviated by an angle §
after passing through the prism.

From the attached figure we find that to the first order in a and B,
the object distance does not change when the object moves from o to

o', Substituting
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Prism C‘ Lens

Object T
o' <] B

b l
OL P, 5

L t _L_ 1/2
f 3
p=f+ 33 f

-1
=7 (6)

or the image istance along the axis
q = 3f. (7)

The transverse object distance 00' is related to the angle & by

oo' = f6. The image transverse distance II' is simply related to

oo' by
1
AL L9 o = c2foo =228 = <280 - 1)a
oo' p f

where the minus sign means the image is below the axis.

(III-2) The device is called a transmission echelon, which is
similar to a grating., Let the phase change from one "slit" to the
next be §. We find

_2m((n - cos )t + s sin g)
= 3 .

8

For small §, this becomes

~ 2m((n - 1)t + s6) 1)

6 X

where 9 is the angle of the refracted ray with respect to the
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incident beam. Using the formula for the intensity of an N-slit

grating, we obtain

2 .6
sinz 8 sin NE
I~ (2)
52 sin2 5
2
where

=;\—rs sme:%se.

The factor
sin2 B

B2

is due to the single ''slit" diffraction, while the factor

sin2 (N%)

sin2 -]
2

represents the interference term for N 'slits," When

=0, m, 2m, ..., we have constructive interference, 1.e.,

o

m((n - 1)t + s6) _
A

mT, m=0,1, 2, ...

or
-1 (- = ;
g = S(mk (n-1)%)= em maxima (3)

Substituting
g~0; n=1,5 t=0.5cn; and A = 5000 A
into (3) we have

-:-(m x5x 1072 - (0.5 w0

from which we find the order of interference is



Solution Set of Heat, Statistical Mechanics, and Optics 224

m = 5x 10°. ()
For small dn/d\, the angular dispersion AB/A)\ can be obtained
directly from (3)

46 1, . dn
A s(m td)\)
m
~ ®)

The resolving power depends on the angular distance, A8, between

the mth order of principal maximum and its nearest minimum. We

find when

6. r

3 = (mm+ )

the intensity becomes zero, using (1) we get

=1l - (-
G;n's(>1\\1+m>‘ (n - 1)t) minimum (6)

Using (6) and (3) we obtain the angular half width of the principal

maximum
1

46 = (6, -6 (7

Let el. ] 2 be the angular positions corresponding to the principal
maxima of the waves of Al and ) 9° When 91 and 62 are
separated by the angle A6 defined in (7), the two images are barely

resolved, Therefore we have
21X
AB~(01 -92)-8N.

Using (3) we get

w |-
z2|>

1 1 ~
SmA, - (n- 1) - S(mh, - (- 1Y) =

from which we obtain the resolving power
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A A

)‘1 -)‘2 AN

= mN

~40x5x103=2x105.

(III-3) The electric vector components for right circularly polarized
light are

z
Ex EO sin (gt - w-v—x-)

Ey = E_ sin (wt + 90° - w;z-)
y

n, is smaller than n, so v, is larger than Vo Let us define

the optic axis of the first plate to be the X-axis. After the light

passed through the first plate, the electric vector is

E(l) « sin wt
x

E;l)ce sin (wt + 90° + 90°) = -sin wt
which represents linear polarized light. The polarization vector

makes 45° with the optic axis of the plate,

a., For 8 = 0°, the electric vector after passing through the

second plate is

E(z) « gin wt
x

E;z) « 3in (wt - 90°) = -cos wt
It is left circularly polarized.

b. For 6 = 45°, there is no relative change in the phases of
Ex and Ey' Therefore it is still linearly polarized just as when it
emerged from the first plate,

c. For @ = 90°

E’(‘z) « g8in (wt + 90°) = cos wt
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E(z) « -gin wt
y

It is right circularly polarized.
d. Two quarter-wave plates are identical to a single half-wave

plate only if ¢ = 0.
(111-4)

a. Let @ be the angle between the axes of the two polarizers.
We can identify the two polarizers by the fact that, for an unpolarized
light source, the intensity of light after passing through the two
devices is proportional to cos2 6.

b. Set the two linear polarizers in such a way that § = 90°,
Light is totally attenuated by the system in this case, Then:

c. Put one of the remaining three devices between the two
linear polarizers, and rotate the device around the light direction.
Let the intensity of the light after the first polarizer be 1/2, If

i. The maximum intensity as seen from behind the second
linear polarizer is 1/2; then the device is a half-wave plate.

(This corresponds to the case that the half-wave plate makes

45° with either of the two polarizers.)

ii. The intensity after L-P-2 is constant and equals to I/8;
then it is a circular polarizer (since the intensity decreases by

a factor of 2 at each of the three devices).

iii. The intensity after L-P-2 varies between zero and 1/4;
then it is a quarter-wave plate, (We get maximum intensity
when the quarter-wave plate makes 45° with either of the two
polarizers, Light is attenuated by a factor of 2 at each of the
polarizers,)

d, If there were only one linear polarizer, we can separate
the linear polarizer and the circular polarizer from the other two
based on the property that either of the two polarizers reduces the
intensity of the lamp light by a factor of 2 while the others do not,
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Furthermore we can tell which is which by playing around with any
one of the two plates put between the two polarizers until one of the

following phenomena is observed:

i. The system of one circular polarizer in front of a

quarter-wave plate can serve as a linear polarizer, i.e., as

shown in the figure below:

- O/ |

Lamp Circular Quarter wave Linear
polanzer plate polanzer

The intensity at A varies as cos2(e + %r) when we rotate the

linear polarizer. 6 is the angle between the axis of the linear

polarizer and that of the quarter-wave plate, Note that the
intensity at A does not change as we rotate the first (circular)
polarizer,

ii. The system of a linear polarizer in front of a
quarter-wave plate serves as a circular polarizer when the
quarter-wave plate makes + 45° with respect to the axis of

the linear polarizer, i.e.,

4D

Lamp Quarter wave Circular
plate polanzer

The intensity at B is either 1 or 0 depending on the
relative position of the linear polarizer and the plate, i.e.,
whether the angle between them is + 45° or -45°, Note that
the intensity at B is constant as we rotate the second (the

circular) polarizer, .
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The system of a half-wave plate and any two devices of the
rest cannot totally attenuate an initially unpolarized light. Therefore

when we observe i and ii, we have identified these four devices,

(I11-5)
a, Entropy is defined in statistical mechanics by

S=kon W(ni)

where n, is the average number of particles in the ith state and

i
W(ni) is the number of ways the system can be produced

corresponding to the set of ng, i=1, 2,... . Here

N!
W(n ) = —"——
i n, .n2!
where n, and n, are the number of atoms with spin up and down,
respectively; n, + n, = N. Using Stirling's approximation

;mn!'=n(lnn-1) for n>>1

we obtain
S = k[N on N-(nlzn n1+n20n n2)-N+(n1+n2)]
i
=-k?nimﬁ— i=1, 2
= -k(n ﬂrnzl+n Bnk) (1)
1 N 2 N

Entropy may be defined in another way: it is found by
experiment that if the heat added at each point of the path on any
diagram is divided by the temperature T and the resulting ratio is
integrated over the entire path, the integrated ratio is a constant,

Since conserved quantities are of vital interest in physics, we define

T T
[ Q_[ CdT
s'r fo T fo T ° (2)
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b. As T~ 0, all the spins are aligned. Therefore we have
n =N, n,=0, andfrom (1) we find S =0. As T+ =, the spins

are randomly oriented, i.e., n, = n,. We have

=kN on n1
S.=—-T—=kNen 2, (3)

Using (2) and (3) we obtain

C(T)dT

T = kN on 3,

@
s =/ o
(111-6) Since the temperature of the vessel is kept constant, the
mean velocity of the gas molecules, v, is constant, The projected

mean velocity of the molecules is

1
__fo n(v cos §)d cos ¢ v
v = +1 -40

f-l nd cos 6

The number of molecules which pass through the hole with area A

per unit time is

..2:.‘1—‘-;_4-:2!& (1)

where n is the number of molecules left in the vessel and V is the
volume of the vessel, The solution of (1) is

VA
n =n_ exp -(-ﬁt).

n
From which we find for n = ?o'

4v ’BkT
t = V_A'. Whel'e v ™ .

(III-7) According to the Stefan-Boltzmann law, the radiancy of a
black body at temperature T is equal to
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E(T) = kT®

where k is called Botzmann constant. Using the inverse square law
for radiation energy we find that the intensity of radiation from the

sun on the earth is

4 R2
Eg = kT (H).

The total radiation energy the earth receives is

4R2
E, - kTo(%) rr2 -

which is assumed to be equal to the total energy the earth radiates
E, = kT*4me’, )

From (1) and (2) we find

4_ .4 R.2 _[R . -2
T =T°(2D) or T= 5D To 4.82 x 10 To
or
T ~ 275°K

which is about room temperature.

(IV-1) From the first law of thermodynamics and the definition of

entropy we have

TdS = CvdT + PdV, (1)
a. The entropy change -of the N2 gas when temperature

changes from 0° C to 100° C at constant volume is,

T

f C dT
v 373
AsN2 th —F— = C, b 373 = 0.312C, @)

The specific heat for diatomic gases at room temperature is (5/2)R
per mole, or for one liter of gas
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5. 1 ~5 1 cal
Cy=3R33.a- 2% 2 %3357 = 0228 g iiter

Substituting the value of C, into (2) we get

= 0,312 x 0,223 = 0,0696 cal/K.
2

ASN

The entropy change of the reservoir at 100°C is

C AT
_0Q_ v =0.223x(-100) - . cal
ASreservoir T T 373 0.0598 K

The change in entropy of the universe is of

-4 cal

=8x10 K *

AS + AS =
reservoir

BSyniy © N,

b. If one wall of this cylinder is movable, we can first
compress the gas adiabatically until the temperature of the gas
increases to 100° C; then we bring it in contact with the reservoir
and let the gas expand isothermally back to its original volume.

There is no change in entropy when the process is adiabatic,
Furthermore, since the change in entropy of the N2 gas equals
Q/T, while that of the reservoir is -Q/T when the process is
isothermal, the total entropy change of the world is zero.
0+Q/T+ (-Q/T) =0.

\
I

(Isothermally)

(Adiabatically)

(1Iv-2)
Substituting p = 20 and f = 10 into the lens formula
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1
*3°7 (1)

LA
Qe

we find the first image distance q = 20 cm. The object distance for

the second lens is 70 - 20 = 50 cm. The final image distance is then
50/4 cm.

Ray (1)

| | [ 125 cm
e— 20 cm 20 cm—>te 50 cm e

If a third lens is put exactly at the position of the first image,

the object distance of the second lens is unchanged, and the position
of the final image is unchanged. In order to increase the collecting
efficiency, f should be positive.

In the above figure, ray (1) would be lost if the third lens were
not inserted. The third lens is sometimes called 'field lens" in
beam optics.

(IV-3) Substituting

R = 50 cm, =0.09cm and r_, =0.25cm

T3 23
into the formula for bright fringes

2
LI,

2(—— +d) = (m +—)A

where T is the radius of the mth bright ring. For m =3, we
obtain

0.0081 _ 1
2d+—5—o——- zl (1)

and for m = 23, we obtain
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0.0625 _ 47, @)

2d + 50 3

where d is some unknown constant which exists because the plates
do not necessarily touch at the point of closest approach. Eliminating

d between (1), (2), we obtain

A =5.44 x 10°° cm = 54404.

(Iv-4)
a., Since both state 1 and state 2 are equilibrium states between

water and vapor, at constant temperature T the vapor pressure of

10
water, P’ which is generally a function of T only, remains
constant. Let the partial pressure of the air in state 1 be P,- We

have the following relations,

Py =P, *tP, =3 (1)
P
= =2 -
Py =P, *t5 =2 (2)

from which we find

P, = 1 and P, = 2 atmospheres,

Since P, equals one atmosphere, the water would he boiling if the

total pressure were 1 atmosphere. Therefore we know

T1 =100°C.

b, If Vg =2V,, pg = p2V2/V3 = 1 atmosphere,

c. Using V2 = 44, 8 liters, P, = 1 atmobphere, and
'1‘1 = 100°C, we find
n_ =n 213 2 = 1.46 mole.

w = Pair ~373 %

The molecular weight of Hzo is 18 gm while that of air is 29 gm.
Therefore the mass of water = 18 x n_ = 26,28 gm and the mass of

air = 29 x n z.-42.3431'11.

al
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(IV-5)
a. The change in entropy is zero because the internal energy of
an ideal gas is a function of temperature only. For free expansion of

an ideal gas we have
TAS = AQ =AU+ AW =0+ 0 =0,

b. The entropy of one mole of ideal gas at given T and p is
S(T.p)=Cpan T-Rompt+tK

where K is a numerical constant. The entropy of a mixture of two
ideal gases of one mole each, starting with equal volumes and

temperature, is

slth. g) = (Cpl + sz)an T - 2R on p' + 2K

where p' is the partial pressure of either of the gases. Since the

volume occupied by each gas has doubled, we have
! = l
P’ =3P.

Therefore the entropy change is

S.,-28

- P
12 2R on p - 2Ron &

2R tn 2

c. In the case of mixture of same gas p' in the final state

equals p in the initial state; therefore there is no entropy change.

(IV-6)
a. The energy of each photon of wavelength 6200 Ais

E L 2mhc

y . 2eV, (1)

The total number of photons in 1 watt of light is

1

n, = — =3.1x 10'%/sec @)
2x 1.6 x 10

19
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Since the angular momentum of a single photon is

=A, 3)

the total angular momentum transferred per second is

T =%g— = nY'!i~ 3 x 1018 X 10-27 ~ 3 x 10.9 dyne-cm (4)

The direction is parallel or antiparallel to the direction of
propagation depending on whether the photon is L.. P. or R.P.

b. Let R(L).P. stand for a right (left)-handed circularly
polarized photon, The relative phase change of the electric vectors
of light externally reflected from a denser material is 7. Therefore
a R.P. photon before reflection becomes L, P, after reflection. But
the direction of the angular momentum in space has not changed.
Therefore the total angular momentum transferred per second is
zero,

c. A R.P. photon becomes L. P, after passing through a half-
wave plate. The angular momentum transferred is twice as much as

that in a.

T ® 27 (5)

d. A R.P. photon becomes L. P, after the half-wave plate,
After reflection the L. P. photon is R.P. This photon becomes L, P,
after passing back through the half-wave plate, Considering only this
final photon and the initial photon, we find the angular momentum
transferred is zero. .

e.
i. R.P. photons become L, P. after the half-wave plate.

ii. L.P. photons become linearly polarized after the
* quarter-wave plate,
iii. Linear polarized photons are still linearly polarized
but, after reflection from the silvered surface, the polarization
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direction is opposite to the original direction.
iv. Linear polarized photons become L. P. polarized after
passing back through the quarter-wave plate.
v. L. P. photons become R. P, after passing back through
the half-wave plate.
As far as the slab is concerned, it receives one R.P. photon
from below (the angular momentum transferred is i\,) and one
L. P. photon from above (\,) and it emits one L. P. photon upward

(") and one R. P. photon downward (). So we have

Jd-P-Tead

=4.
Te T

(Iv-17)

a. The number of boys born is

ng= P+ (1- PP+ (1 PP+, +U-P)P+...
sPA+(1-P)+(1-P2+...)

where P is the probability that a born child turns out to be a boy,
P = 514, The number of girls is

nga:(l-P)+(1-P)2+...+(1-P)n+...
S1-P A+A-P)+A-P2+...)

Therefore the ratio of nB and ng is still P/(1 - P). 514 of the
children born are boys.
b. Let the apparatus
i, Emit electromagnetic waves at a known frequency Vo
toward the object.
ii. Detect electromagnetié waves at several different
frequencies Vot Vo + Av, Vo + 2Av ... from the object.
iii. Plot the intensity of the detected waves against frequency.
If the object is a black body, the intensity is a smooth function
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of frequency. If the object is not a black body there will be a
spike at the frequency of v o This is so because the frequency
of the reflected wave is the same as that of the incoming wave,

iv. As a check, we can change the frequency of the emitted
wave to (v ot Av). If the object is a black body the detected
spectrum is the same as it was before. If the object is not a
black body, the peak of the spectrum will move to (vo + Av).
This is the principle of radar.

(Iv-8) Since the protons are at thermal equilibrium, the distribution
of the states is simply the Maxwell-Boltzmann distribution function:

N(up) _ _ .. _ (E(up) - E(down))
N(down) xP kT

Mw N
= eXpiT = €XP Ry

- exp 5% 1023 x 10734 & 10®
P 2 x 4,18 x 300

=Kn~1+2.4x10°5,
Therefore the polarization P is

N{up) - N(down) _K -1
N(up) + N(down) K + 1

P =

1.2 x 1075,

(v-1)

w
.

C, as function of
temperature
=
L

T(K)
At low temperature we find the total energy E and heat

capacity c, are
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3 3
E=5RT and cvng ?

corresponding to the three-component momenta that contribute
quadratic terms to the kinetic energy of the molecule. The
vibrational and rotational motions are forbidden because the thermal
energy kT is less than the energy difference between the first
excited state and the ground state. As temperature increases,
rotational motion occurs., We obtain

5
cV -2-R

corresponding to the two additional rotational energy terms that are
now present. At higher temperature we find c, = (7/2)R
corresponding to the two additional vibrational energy terms. At
very high temperature we have to further consider the excitation

energy of the electrons,

(Vv-2)

2

o 2
. Q_RI°_1001° _ 2 o
S=3°7F 303 0.331" joules/°K/sec.

(V-3) Smaller. The amount of heat exchanged is proportional to
rate of flow of the material. Below the A point (T~ 2,2°K), I-Ie4
becomes superfluid and the rate of flow is immense, He3 behaves
as a normal fluid with normal viscosity at low temperature.
Therefore the rate of flow of Hes is smaller than that of He4.

(V-4) The one-dimensional equivalent potential energy for a molecule
of mass m at point x (measured from the fixed end) is
2.2

According to Boltzmann distribution, the density p(x) is

22
p(x) = p(o) exp F‘;‘;—;)
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where M is the molar weight of the gas and R is the universal gas
constant, Note: M =N o and R = Nok, where No is Avogadro's

number and k is the Boltzmann constant,

(V-5) According to the equipartition principle we have

—_ 1.2 1 =— 122 1
P.E, = 508" = 3kT anc? K.E.--ilé = kT,
therefore

2 kT T2 KT

0 =7 and 6 =7

which are independent of pressure.

(V-6) The heat absorbed by the system in the process B+ C is

c
3
Qe =5 Tds = 5(5000) = 75, 000 joules.

The heat emitted during the process C-+ A is (-100 x 500) or
-50, 000 joules. Since Q AB is zero we obtain the efficiency of the

engine

+Q
n = work - QBC CA - 33. 34,
Qpc Qsc

(V-7) The difference in specific enthalpy between two neighboring

equilibrium states is

_ Ah h
dh = €D, dT + (-g-ﬁ)TdP
where

(L3

oT'P

is defined to be Cpe
If the gas is to be cooled by decreasing P, we find
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T,
(%—P-)h> 0.

Using the relation

3B - @P/eD), " RP[AT),
T
"and the fact that cp> 0, we obtain
c
ah , ___°p
37| eFem, < O

T

(V-8) The coefficient of viscosity is essentially independent of the
pressure. Therefore the mean-square displacement is the same.
(At constant temperature, the viscosity increases some 204 to 40%

for a pressure increase of 1000 atmospheres. )

(V-9) Using the first TdS equation for black-body radiation,

TdS = C.dT + TCE) av
v 2T,

and the relations

L4 _ 4T =3U _ 160 .3
Pegemgead Cy=35=7 TV
we get

3
160 .3 160 T

TdS=0=V—T dT + T dav
c 3c

or
dv , 3dT _
L2

and after integration

(1)
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3 Vl 1/3
VT" = constant sothat T,=&-) T,.
f Vf i
Therefore
T, = lT for V_= 8V
f 271 f i°
(Vv-10)
2
AS = mechanical energy _ kA ,
T 2T

where k is the spring constant and T 1is the absolute temperature,.

(V-11) At zero °K, all the electrons are at the lowest states. The
number of states is proportional to pzdp or VE dE, After

integration from zero to E ., we find
max

3/2 or E ¢N2/3

N« E
max max

where E is Fermi energy;
max

E - 4‘12 (31er)2/ 3
max 2m Vv

(V-12) Let T and Tr be the temperature of the water and the
reservoir, respectively. The highest efficiency we can get between

two sources of heat of temperature T and Tr is

from which we find the minimum work needed is

213 T_ - T T - 273

r r
W= - f293 ——i,—cvd'r + T(BO)(IOOO)

= 203 x 10° i 392 -.20 x 10° + 20X 20 X 1000

~ 7 x 10° joules.
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(V-13) The atmospheric pressure as a function of height is

. _mgh, _ (Mgh
P Poexp( kT) Poexp (—ﬁ%).

Using h = 1000 # = 3 x 10°m, g = 9.80m/sec’, M = 29 gm/mole,
R = 8,3 joules/mole and T ~ 300°K, we find

- - Mgh, _ - ~q -
P~ P_exp - (57 = P_exp (-0,034)P_= (1 - 0.034)P ,

or AP = -0.034 Po. Since evaporation is a first-order transition

which obeys Clapeyron's equation

dP L

dT T(v - vw)

where L is the latent heat; v and vy are the specific volumes of
the vapor and the water, respectively. Note that Ve is negligible
compared with v. Using the ideal gas equation v = RT/18P we

obtain

sp oL,
RT

for one gram of vapor, or

2 x 3"132 AP

D ee—— C— g - °
AT sqoxsp, "1 "
(V-14) Using the second Tds equation
\4
=¢c dT - T(—=) d
Tds = ¢ dT ¢ Ty P
we obtain the change in entropy at constant pressure

c dT

ds=,r.

After integration we find the entropy at -10°C is
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s8-8, = 4222 on 557 253 + 226 for water (1)
273
and
- 263
s' - s' 2112 on w53 273 - 75 for ice (2)

where so(s(')) is the entropy of water (ice) at 0°C, s, is related to
s"b and ¢ the latent heat by the following relation

et =L _80x 4.19 x 10
S, " 8y =373 - 573 = 1227, (3)
Using (3) and (1) we find
. 263
s - S' 4222&1?,3 + 1453, (4)

From (2) and (4) we find

263

373 + 1528 = 1450 > 0,

s -s' =21109p —

Since s> s', ice is in the more ordered state.
(V-15) From the lens formula

1.1 (1)

1
- +
p 9, 1’1

with Py = 30 cm, f1 =20 cm, we get q, equals 60 cm. The size
of the image is 5 x ql/ 1.')l or 10 cm high., The object distance for

the second lens is

P, = 10 - 60 = -50 cm. ()

From (1) and (2), we have

13°+150 cm=188cm.

The size of the image is
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,
IOcmx-zs 10 x-l—a—'—8 = «3,75 cm.
2 -50

Thus, the image is 3.75 cm high and it is inverted.

Ly L,
Y y
LObject le—18 8 cm -
S cm \\ Image2 __—~"  Image |l
] ] sGd) a
P 1
Y \>\r
10cm
je———30cm 50 cm
(VI-1) The condition for bright fringes is
2nd=(m+3h m=123, ... (1)

In going from one fringe to the next the optical thickness of the
wedge, nd, should change by A/2. Therefore

A = 2n(Ad) = 2n(AD) tan § = 2n(AD) x @

20

8
60 x 60 x 57 % 10

=2x 1.4 x 0.25 x

~ 7000 A, where AD = 0,25 cm is the distance between fringes.

(VI-2) Let t1 and t2 be the instantaneous temperatures of object 1
and object 2 and dW by the amount of work output from the system
when Ql and sz are added to each object, respectively. The
maximum attainable efficlency between two heat reservoirs at
temperature t, and 'tz(t1 > tz) is

Yot aw aw

Eff = = - = -
t &Q, T T T &

where the minus sign denotes that tiQ1 is actually flowing out of
object 1. Therefore

t, -t

1 "2
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According to the first law of thermodynamics the total energy
flowing out of object 1 should equal the sum of the output work from
the system and the heat flowing into object 2, i.e.,

CP(Tl - tl) =W+ Cl:,(t2 - Tz)

or

- T2). (2)

-C_t =W+Cl:,(t1-'r1

P2
Substituting (2) into (1), we get
dtl
aw = - T(W + CP(Zt1 - T1 - Tz))

or

d(th) = -det1(2t1 - 'r1 - T2). (3)

Integrating from T, to Tf. we get from (3)

1

WT, = C_(T% - T2 - (T, + T,NT, - T)) @
f P1 f 1 2771 f *

where Tf is the final temperature of body 1 and body 2 and W =0

when 1:1 = Tl' Setting 1:2 = 1:1 = Tf in (2), we can solve for Tf

=1 - X
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From (5) and (4) it is straightforward to solve for W,

(VI-3)
a. The number of collisions = (number of atoms per unit
volume) x (4 times of the cross section of a single atom) x (average
velocity of atoms) = (3 x 1019) X 4T x 10-16 X 105 =4 x 109 per
second. (We have used cgs units.)
b. The number of collisions with one wall = (number of atoms
per unit volume) x (average velocity of the atoms)/2 = 1.5 x 1024

per second.

(Vi-4)
a. The condition determining . is
N, =n
i i
Using the given expression for ﬁi’ we get
© .
—5h o P m
(27h) e M 4

where the factor of 2 comes from the fact that the electrons have
spin 1/2, Since E = p2/2m, (1) becomes
(-]

2 3 fo 3 1 41m2dp =n (2)
(2mH) B /2m -y

from which one can solve for u. For e“B <<'1, we can expand the

uB

integrand in power series of e and obtain the relation

z(mk'g)3/2(euﬂ _pt3/2 208, 3)
2mh

b. The thermal wavelength is defined to be
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which is the de Broglie wavelength of a particle with mass m and
energy vkT, When nxa <<'1, we can neglect the higher-order terms
in (3) and find

3
euﬂs%_=2—1?’x3<<1 (4)

Hence the average occupation number ﬁl reduces to

Nixe =

c. At room temperature, we find

k'r~4Lev and m c2~0.5x 10% eV, 4 = 1073 ev-A.
0 e c
Therefore
[ 6.3 x (1973)2 o
A~ . ~44 &

Jo.5 x 10% x 1/40
hence

23~ 1071902 ~ 10°,

Therefore Maxwell-Boltzmann statistics do not hold for the

electron gas.

(VI-5) The plane-polarized wave can be decomposed into two
circularly polarized waves of opposite senses but same amplitudes.
After passing through the medium, the positive circularly polarized
wave i8 leading the negative circularly polarlze;i wave by a phase A:

L , K K_ L
A=, -0 )T CETm s v X
_KL _20
wx T2 2
w -0

The plane of polarization is rotated by an angle equal to A/2.
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(VI-6) The rate of increase of the optical path is
(n - 1){:—

from which we see

v (a-1)
v c dt*

This problem is similar to the case that the source of light is moving

away with velocity

ve=(n- l)gh-t—.

(VI-7) Let x be the thickness of the plate. The condition of a

quarter-wave plate is

-1
4

>

(ne - no)
or

3

-5
+5.8209x 10 _ _; 963, 10 3cm.

X =2 x(0.01154)
(VI-8)

a, The phase difference of two neighborhing lines after a
distance d is

d d
[ 3211‘({-‘{,-)
2md
~ == B\
kz

where d equals 2 x 30 = 60 cm, A\ is the difference between
wavelengths, and 8 equals 27w for two neighborhing lines.

Therefore we can solve for A\

2
A\ = l‘a-.- 8x10 34,
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b. The resolving power needed is

= 106.

2>

The order of interference, m, is given by

2d _2x1.5x 10°

m =T = 8000 or 50000,

From the given formula, we find the reflectance has to satisfy the

condition
2 1r
+ 2—0 -1 Z 0
m m 11'2
(r -1 +..._)(r+ 1 +_)>—~0
40 40 (40)2

or

T
r>1 0 = 0.92

in order to resolve the two lines in a.

(VI-9)
I
Eo E, €14y

| E, E)
€2:4

m B
€3,M3

Let E, E,; E,, E'; and E_, be the electric field in
o 1 2 2 3

region I, II, and III respectively. For normal inciderce, the rays
are rotational symmetric. Therefore we can agsume the electric
fields are all perpendicular to the plane of the paper, The boundary
conditions are that the components of the electric and magnetic fieids
parallel to the surface in one medium are equal to the corresponding
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parallel components on the other side of the boundary at any instant.

Therefore we have the following relations:

]
E,*E, =E,+E)

E,+E, = E,
»/?l(Eo -E)) = J?z(Ez - E,"

Ve, (B, - E)) =Jey By
from which we can solve for E1 and E

L-Vegle o Y -Yey
1 144 fe, © Ve +Veg ©

in termof E :
3 o

E

2E 2ve . E
E =—°—.—=.——L—o.
S O R T A

which are independent of ¢ The intensity of the wave transmitted

while the intensity of the wave

2.
into medium 3 is proportional to Eg

reflected back is proportional to E% .

(VI-10) According to Rayleigh criterion, we have

D_ A . Dd_
T- 122G or b=

Using d =0.5cm, D=1,22 cm, and )\ = 5000 &, we find
2

g2 1:22x 10 x (1?5 = 2X 195 = 10% cm = 10 kilometers,
1.22x 5x 10 5x 10
(Vi-11)
a, 90°,
-1™
b, ¢ = tan Y where n, and n, are index of refraction
2

for first and second dielectric.
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(VII-1) Red light.

(VII-2) Center of curvature,

(VII-3) Perpendicular to the reflection plane.

(VII-4) If the beam comes from the left, the point of convergence is
shifted to the right side of P.

(VII-5) Beyond the focal point and on the same side as the object.
(VII-6) Red.
(VII-7) The inverse of the focal length is
(- D - .
1 2

Since nR < nv. we have fR > t‘v.

(VII-8) Virtual.
(VII-9) Chromatic aberration.

(VII-10) Light cannot pass through the system of a linear polarizer
and a linear polarization analyzer when the axes of the two devices

are perpendicular to each other.

(VII-11) =w/2.

(VII-12) The ray which passes through the optical center of the lens
will not be deviated.

(VII-13) 4000 A » 7000 A corresponding to 7.5 x 1014 Hz down to

4,3 x 1014 Hz, -

(VIII-14) W, = A

wrefracted‘ in = m‘refracted‘

(VII-15) The rays from the center of a sphere are not deviated,
Therefore the image must appear at the same plane as the original
letter. For small ¢, 6' =né (Snell's law). Since
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the size of the image is n times as large as

4'=ro' =nrg =ng,

that of the object.
“ ol /’

/ [
Hemisphere

(VII-16)
a. The phase difference of the rays from the two slits at C is

The intensity at point C is proportional to cos® A/2, or

A

_ 2 75
Ic = Io cos” ((n - I)T)
1
(n - 1)5'

b. The intensity is minimum for § =

c. The amplitude at point C is

A= 2aelt 4 pol0tH)

- Aewt(z + eiA)
from which we find the intensity is

I« IAc|2¢4+1+4Re rel®

«5+4cosA

«5+4cosw..
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(VII-17) This problem is identical in character to Fresnel diffraction
by a circular obstacle. The wavelength of the sound is

A =v/f=0.1m, Since the source is far away from the slab, the
waves arriving at various points on the plane of the slab are all in

phase. For a point on the axis of the slab, the radius of the tth

Fresnel zone is given by
2 2 A2
R!, +D"=(D+ 1 2)

or

1
zzxz)i
1

= +
R‘ (£ D

where D is the distance between the slab and the listener. The

projected area of the gth zone is

(1TR§- f )COSBN'IT()\D'FL) cos 8
where
cos § = ——2—.
2 2
D +
Rt

The resultant amplitude of the sound wave along the axis is
£

A=X(-1)°A .

where

T\ D + -”‘—) cos @

A = cos 0
L 2 2

Rf. + D
0D + "‘ 2 \p?

(R‘+D);

»n-

(1)
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The components perpendicular to the axis vanish because of
rotational symmetry around the axis.

a. For the case that the listener is right behind the center of
the slab, we have D = 0. Therefore A, =0 for £ £ 0. Since the
first Fresnel zone outside the slab has z = ﬂl_z = 20, the resultant
amplitude of the sound wave vanishes, Therefore we do not hear the
whistle,

b. Now if we go far downstream from the slab, we have
D>> ). The first Fresnel zone outside the slab is zl = 1/AD. The
resultant amplitude becomes

@

) — )
A= 2 (-1)A = z -1)’(A, -A, )
) 4 170, 8,42, .. Ll

gl+1 1 ,¢1+1
A, -A)==(-1) A (2)
zl © 2 ‘1

1
= E('l)
since AG = 0, In the case that the slab is removed, the resultant

amplitude is
£ Ao
(-1)YA, ~—. (3)
0 £ 2

B =

T ™M

The condition that the sound intensity is reduced by a factor of 2

due to the existence of the slab is

2 1_2
A -EB
or

2 _1,2
A‘1-2A°.

Using (1), we get
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Ael)‘2 R 2
T\ D +

3 YD =_1.< D3>2
(R +D2)372 2 D3

3
44

D6-D4-2.5D2-1=0

from which we find D~ 1.5 m.

(VII-18) The size of the spot is approximately the size of the central
peak in the diffraction pattern produced by a circular aperture. The

first dark ring appears at

sin a = 1.22%

where

radius of the spot

_R
distance between earth and the moon D°

sin a ~

With A = 6000 A, d=2m, and distance D = 400, 000 km we find
radius of the spot
DA _1.22x4x10°x6x 107" ~ 2.
== Z1.5x 10

R = 1.22—3— 2 m,

(VIII-1) V=0, since Vv, is an odd function.

kT since V7=V2-;§=lv7=l[§_k£]
m x y z 3 3'm

u<w| u<ml L]
]

= 0, since V: is an odd function.
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(VII-2) It decreases, since the increase in temperature results in

an increase in the viscosity of the air.

(VIII-3)

T =T1+5T2
f 6 *

The total entropy change of the milk and coffee is

t‘ c daT Tf c dT
AS = 5of +zsof
T
2
Tf Tf
= 50c_on—— + 250c on —.
v T v T
1 2
T. + 57T T, + 5T
_ 1 2 1 2
= 50 ¢n 6T1 + 250 ¢n 6T2 .

because c, = 1 for water.
(VIII-4) The equation of state of an adiabatic process is

Y = =
PIV1 P2V2 constant

where Yy equals 5/3 for monatomic gases., For V2 = (1/2)V1 the

ratio of the pressures is

Py V1Y 25/3 ~
7oK "
1 2

3.17,

(VII-5) From the definition of entropy we have

T T
=f0 -C-',f,—wao dT = yT.

(VIII-6)

™o
ol w vl
Y
=)

[¢]
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kT

mc

(VIII-7) The change in entropy is AS = L/T. According to the first

law of thermodynamics we obtain

AU=Tas-pAv=L-p(—‘-p—1).

P Py
(VIII-8) Since N, Ne E/KT N =N, and N, +N, =N, we have
C - dEtot:a.l - EdNZ - Ed—( Ne-E/kT)
aT aT dT ', _-EJkT
1__E/kT
2 kT? NEZ
= NE = TRT 3 > as T+ =
(e + 1) 4kT
and similarly
c—> NEz—lie-E/kT as T+ 0.
KT
C
]
eNk/(1 +e)2f——=——
} CaT?
|
|
I
T = E/k -T
(VII-9)

a. (3/2)R; for T<<®r
b. (5/2)R; for T>> 8 .ot

where erot is the characteristic temperature for rotation of the

given molecules,

ot

(VIII-10) The area under the curve is multiplied by the factor
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(1/ 2)4 = (1/16), and the value of )\ corresponds to the peak
increases by a factor of 2,

(VIII-11)
a., The heat capacity of the iron is

_ 3 _ 5.
Ciron = 200 x 0.60 x 10” = 1,20 x 10" joules/deg.

The highest efficiency obtainable between two reservoirs of

temperature T and T1 (T1 = 285°K = 12°C) is

_ T - 285

Eff T

The total work available is

1773 1773
) T - 285 . dT
W = Ciron fzss T 9T = Ciron fzss (1 - 28557)
1773 )
= (1488 - 2850 ), = (1488 - 521)C,

= 967 x 1.20 x 10° = 1,16 x 10° joules.

b. The entropy change of the iron is related to the heat
transferred AQ by

L)
aS = ==,

Therefore

2

85
_s =/ 49, 4ar
S¢ - § I T Cironfl773 T

_ 1773 _ _
=C 5"_2?5-' {on 6.22)C

iron iron

-1.83C

iron
The entropy change of the seawater is

1488C,

iron
S} Si 385 =5,22C

iron
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The total entropy change is the sum of the two.
5,
(A8) oy = 3-39C; ., = 4.07x 10 joule/K,

(VIII-12)
a, Let 5 be the phase of the reflected light with respect to the
phase of the incident light of amplitude A. The reflected and the

transmitted rays are related to A by

A
A R = —em (1)

vz' N2 oo
According to the reversibility of light rays, if we reverse the

directions of the reflected ray and the transmitted ray, we should get

T =

the original ray. As shown in the figure we have the relations

* * 2
RR +TT =A
and

* *
TR +RT =0 (2)
where

* * A -i5
T =T and R = —e ",

N2

Using (1) we get for (2)
eﬁ+e-m=2cosb =0
which suggests that § =+ 7/2,
A RR* + TT* = A?
\/R R
\ TR* + RT* =0

T
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b. The ray BEG is reflected once from the halfsilvered
mirror E at E; the phase difference of rays BEG and BEF at E
is then /2. Similarly, the phase difference at E between ray
BCDEF and BCDEG is w/2. Therefore if rays BEG and
BCDEG are out of phase at E, the rays BEF and BCDEF are in

phase. In mathematical symbols we find

8(BEG) - 6 (BEF) = m(2m) + ¢

8 (BCDEF) - § (BCDEG) = n(2m) +

[N E

5§ (BCDEG) - §(BEG) = g4(27) + 7  (out of phase).
Since we have to choose the same signs (i.e., + -g + %r + T = 20'”)
for the same types of mirrors, it follows that

5(BCDEF) - §(BEF) = (¢ + m + n + 1)2r (in phase).

(VIII-13)

0 ‘¥

I

a, According to Snell's law we have

sing' _~_4
sing "°3° n

The image distance, -q, which is negative because the image is on
the same side as the object, is related to the radius according to the
[}

sine law for a triangle by
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__R

sing  sina @)
where a=7- (T - 28'+0) -0 =2(0' - 0). Therefore we have

_ sin @
q'stin(e'-e)cos (8'-9)" 3
For rays close to the axis, both § and §' are very small,
Therefore sing ~g, sing'~8', sin(8'-8)~ (8' - 8), and
cos (8' - 8) ~ 1. Thus (3) becomes

- R6
=26 -0 )
furthermore, (1) becomes
8' = (4/3)0. (4)
Substituting (4) into (3) we obtain

3

q-= ER' (5)

The image distance 1s just -q. The image is cn the same side as
the object. So it is virtual and erect. The distance, q, by
definition 1s the focal length of the bubble since the object is at
infinity,

Alternatively, one can also use the thick lens formulas which
were derived for paraxial rays from a point source refracted at a

spherical surface of radius R1 or Rz. We find

n n' -n

n_ (1)
f"1 ‘R1

and

n n-n'

LI (2)
f'z R2

where f'l and f'2 are the focal lengths of the first surface (the left
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hemisphere) and the second surface (the right hemisphere) of the

lens, respectively. For

= 3 f = = -
=3 n 1, RI-R. andRz--R
we get
f'l = =-3R and f'2 = -4R, (3)

The focal length of the lens is given by

1l,n _2Rn
] ] [ 4]
t‘1 f2 flfz

L -]

Finally we can solve for q using the Gaussian lens formula
1_1
+ 3 7 (6)

where p = « is given. Therefore

1 1 1 1,2 _ 5
a T R RGBTV 3R
therefore



ATOMIC PHYSICS AND QUANTUM MECHANICS

(1-1) (20 points)
(a) In Rutherford scattering of a particles in a thin gold foil,
one neglects the effect of the atomic electrons on the o
particle, Why?
(b) In Compton scattering, one neglects the effect of the

nucleus on the X-ray. Why?

(I-2) (20 points) Calculate the magnetic field at the proton which

arises from an electron in the 2p state of an H atom.

(I-3) (20 points) A mercury lamp emits 1018 photons/ sec in the
2537° A resonance line. The mercury vapor has low density and is
assumed to be at thermal equilibrium at T = 300°K. Calculate the
Doppler width of the line, Estimate the natural width. How much
power is radiated in the line?

(I-4) (20 points) Potassium is an alkali metal with Z = 19, What is
the electron configuration of the ground state of potassium? What
arethe L, S, and J quantum numbers of the state? Describe the
Zeeman effect of the ground state quantitatively.

263
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(I-5) (20 points) Consider an infinite square well, The wave function
of a particle trapped in an infinite square well potential of width 2a

(see figure) is found to be:

X 3mx , 1 3rx
= —_— — - —
¥ C cos oa sin a 3 o8 oa inside the well

¥ = 0 outside the well

V oo V *oo

—-a +a
0

(a) Calculate the coefficient C,
(b) If a measurement of the total energy is made, what are the
possible results of such a measurement, and what is the

probability to measure each of them?

(II-1) (15 points) Give numerical values and appropriate units for:
(a) Neutron mass,
(b) Planck's constant.
(c) Fine structure constant,
(d) Electron Compton wavelength,
(e) Classical radius of electron,
(f) Lifetime of the 2p state of hydrogen.
(g) Spin magnetic moment of proton.
(h) Lifetime of free neutron.
(i) Velocity of electron in first Bohr orbit,
Express (c), (d), and (e) in terms of the fundamental constants

e, h, m_, and c,
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(11-2) (25 points)
(a) The time-independent Schrdedinger equation for a particle

moving in one dimension in a potential V(x) is:

2 2
- d
5?1? .J(zi) + Vix)y(x) = Ey(x)

Suppose V(x) = V(-x) and ¥(x) is nondegenerate. Prove that

¥(x) has definite parity, i.e., that:
¥(x) = + §y(-x) (Even parity)

or

Vv (x) = - y(-x) (Odd parity).

(b) Consider the potential well shown in the figure:

V =00 V =00

-a -b b a

Sketch the approximate character of the two lowest energy
solutions to the time-independent Schréedinger equation for this
potential. Label the two solutions '1 and *2’ and call their

respective energies E1 and E2.
(c) A particular solution of the time-dependent Schroedinger

equation for the potential shown, can be constructed by
superposing:

-, [an -i(Ezl‘ﬂ)t
¥,e and y,e

Construct a wave packet § which at time t = 0 is (almost)
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entirely in the left-hand well, Describe in detail the motion

of this wave packet as a function of time,

(II-3) (20 points) The positron has the same mass as the electron,
but opposite charge and spin magnetic moment. If you replace the
proton in a hydrogen atom by a positron, you get a positronium atom,
(a) The ground state of the atom consists of two hyperfine
components, 1S0 and 381. split by a very small energy
difference. Which level lies lower?
(b) What is the binding energy of the ground state ?
(c) A positronium at rest in 1So state decays to 2 y-rays.

What is their energy and relative direction?

(II-4) (15 points)
(a) What is the value of the matrix element

<¢'m'|[L,, L |2, m>?

ic_0/2
(b) Prove that e 7 = cos e/2+i¢:1y sin g/2,

(II-5) (25 points) Calculate the shift in energy of the 1S state of

hydrogen which one obtains if the proton is assumed to be a

13

uniformly charged spherical shell of radius 10 "~ cm rather than a

point charge. Use first-order perturbation theory.

(III-1) (5 points) If the electric charge of the proton were doubled,
what would you expect to be the heaviest stable nucleus?

(II1-2) (5 points) What order of magnitude of magnetic field strength
would be needed to see the Paschen-Back effect rather than Zeeman

effect for a typical nucleus”? (The effect has never been seen,)

(I11-3) (5 points) What minimum kinetic energy must a proton have to

produce an antineutron upon colliding with a heavy nucleus?

(I11-4) (5 points) Negatively charged muons travelling through
matter are very rapidly trapped into Bohr-type orbita about atomic
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nuclei and are then gradually captured by protons in the nucleus
much like inverse beta decay (K capture), The rate at which this

capture takes place in various materials follows rather clogely a

law of the form

muon capture rate = const, x zP
Give argument as to why the exponent p should have the value 4,

(II1-5) (5 points) Up to what value of the bombarding energy is

neutron-proton scattering essentially isotropic ?

(II1-6) (15 points) What are the energy levels of a particle of mass m
moving in one-dimensional potential
+ @ x<0

Vix) = 2 2

No lengthy calculations are needed,

(III-7) (5 points) List all the absolut¢ symmetries (conservation laws)

you know. List some approximate ones,

(I1I-8) (5 points) A particular meson can decay into two different sets
of final states at rates given by the separate decay times t1 and tz.

Give the formula for the uncertainty in mass of this meson.

(III-9) (5 points) What are the values of the phase and group
velocities of the deBroglie wave, describing a free electron with

classical velocity V~?

(III-10) (10 points) Describe for each of the following states the
domain of all points in three-dimensional configuration space at
which the wave function § of the hydrogen atom vanishes. The

normalization criterion is

(a) the 1s state
(b) the 28 state
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(c) the 2p state (specify here which substate you are
describing).

(II1-11) (10 points) Give the simplest formula for the binding energy
of an electron in the K shell of an atom of nuclear charge Z. Will
corrections for

(a) relativistic form b
(b) screening of the central field by other electrons
(c) the finite size of the nucleus

increase or decrease the value?

(III-12) (10 points) Give the functional form (with sign) of the
variation with separation of the potential energy between the following
particles at large distance:

(a) two neutral atoms

(b) two ionized atoms

(c) one neutral atom and one ion

(d) two neutrons (considering nuclear forces only)

(e) two neutrons (considering electromagnetic forces also)

(I11-13) (15 points) Consider a homogeneous quantum mechanical
sphere whose center is constrained to remain at the origin, but which
is free to rotate. Since points on its surface are indistinguishable,
its wave function satisfies the condition that [y(6, ) |2 is independent
of the angles § and ¢. Determine the allowed values of the angular

momentum and prove your result,
(IV-1) (15 points) A one-dimensional potential barrier is of the
shape

fa— d—-

je— < —
-
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Find the transmission coefficient for particles of mass m coming

from the left, with energy E(Vl <EKL< vo),

(IV-2) (5 points) Determine the eigenvalues and normalized

eigenvectors of this matrix:

( . )
2 0
(IV-3) (20 points) Assume that ¥ is an eigenfunction of the single-

particle Schrdedinger equation. Define the vector C as follows:
d = - .
a{fv ¥ xy dv} = fvy_ C dv

(a) What is the physical meaning of C ”
(b) Assume that | satisfies the Schredinger equation and

calculate an explicit expression for C.

(IV-4) (20 points) Write down the wave function for a hydrogen atom
in its ground state. Find an expression for the probability of finding
the particle (the electron) between r and r+dr, independent of the
angular Jocation of electron with respect to origin. Find the value

of r at which this probability is maximum.

(IV-5) (20 points) Give the numerical values of the following physical
quantities to within a factor of 3.
(a) Distance apart of two protons in a hydrogen molecule,
(b) Wavelength of greatest intensity in black-body radiation
at 3°K.
(c) Energy gap between valence and conduction band in pure
silicon crystal.
(d) Energy released in fission of a nucleus of uranium 235,
(e) Frequency of red light.
(f) Time required for light wave to traverse diameter of one
proton,
(g) Magnetic moment of free electron.
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(IV-6) (20 points) A particle of mass m rests in its ground state in
a one-dimensional hox formed by two very high ("infinite') potential
walls separated by a distance a, Suddenly the walls are
symmetrically expanded to double the original separation,
(a) What is the probability that the particle now finds itself in
the ground state of the expanded system?

(b) Is energy conserved in this process?

(V-1) (20 points) Give a brief discussion of the following topics.
(a) Correspondence principle
(b) Dulong and Petit law
(c) Why only the principal series is observed in the absorption
spectra of alkali metals.
(d) Why the Lande g factor is 1 for all singlet states and 2
for all S states,
(e) Two experiments that demonstrate the particle-like

behavior of electromagnetic radiation.

(V-2) (20 points) A p-meson which is 210 times as heavy as an
electron is captured by a proton to form a hydrogen-like atom.
(a) What is the energy of the photon that is emitted when the
u-meson falls from the first excited state to the ground state?
(b) What is the radius of the first Bohr orbit?
(c) What is the velocity of the y-meson in the nth circular
Bohr orbit?
n is the principal quantum number.

(V-3) (20 points) In elementary chemistry, students identify the
presence of small amounts of sodium by the yellow light (5890 X)
emitted when a sample is placed in a Bunsen flame, This might
appear unreasonable in view of the relatively low temperature of the
flame (2000°K). Demonstrate quantitatively that this is not the case

and explain the result,
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(V-4) (20 points) A one-dimensional particle moves in the potential

energy

vix) =0 x<0
=V x>0
o

Suppose the particle has energy E > Vo and is incident from the
(-x) direction.
(a) Find the wave function everywhere. You do not need to
normalize it.
(b) Normalize the wave function so it corresponds to unit
incident flux (one particle per second),
(c) Solve the case for E < Vo and discuss the significance of
the result.,

(V-5) (20 points) The (unnormalized) wave function of a particle of

mass m is

-ikr + beikr

"k(r) - = r

(r is radial distance from origin)

(a) What is the energy of the particle?
(b) Is the particle a free particle? If your answer is no,

describe the potential as well as you can.

(VI-1) (15 points)
(a) The continuity equation of electromagnetic theory relates
the divergence of the current density to the time dependence of
the charge density. Use an analogous idea to derive the
nonrelativistic probability current density of quantum
mechanics.
(b) Compute the probability current density for the
unnormalized wave function § = eﬂ“.

(c) Can a real wave function have a current?

(Vi-2) (20 points) A boy on the top of a ladder of height H is
dropping marbles of mass m to the floor. To aim well, the boy is
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using equipment of the highest poasible precision, Estimate, using
the uncertainty principle, the typical distance by which he will miss

the crack.

(VI-3) (20 points) According to Moseley's law the frequency of the
Ka X-ray line is given as a function of Z, the atomic number, by

a relation of the form:
Jv=azZ-b

(a) Give an approximate formula for a in terms of
fundamental constants,

(b) Explain why the frequencies of X-ray lines vary from
element to element in a simple way, whereas optical

frequencies follow no such simple relation.

(Vi-4) (10 points) A particle, of rest mass m, and velocity v,
collides with a stationary particle of rest mass m,, and is
absorbed by it. Find the rest mass M and velocity V of the

resultant particle.

(VI-5) (15 points) Electrons enter a region of uniform magnetic field
B through a slit, S_, and leave, after one semicircular turn,

1
through slit 82. 1

As they enter S their spins are pointed upwards
(p = 0) as shown in the diagram. Electrons have a g-factor of

g = 2 + a/7, and the magnetic moment is given by J = - anc gg.
B © ‘
(o]
o |§
o —
9o
o \o N
o\ ° N
© o |52
° o]
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(a) What is their spin precession frequency ?

(b) What is their cyclotron frequency ?

(c) What is the angle ¢, which the electron spins make with
the initial spin direction, when they exit through slit 82 ?

NOTE: It can be proved that the dynamical equation for the time
variation of the quantum expectation value of the electron spin is
identical to the classical dynamical equation for the electron spin,
Therefore a completely classical approach is valid here and should
be used.
(VI-6) (20 points)
(a) Using classical expressions for the kinetic and potential
energy of the electron-proton system and the Bohr quantum
condition, derive an expression for the energy levels of the

hydrogen atom.
(b) Estimate the energy difference between the second and

fourth energy levels,

(VII-1) (20 points) An electron with a K.E, of 10 eV at x = -= is
moving from left to right along the x-axis, The potential energy is
V=0 for x<0 and V =20 eV for x> 0. Treat the electron as a

one-dimensional planeé wave,

E

V=20eV

x=0

(a) Write the Schrdedinger equation for x< 0 and x> 0,
(b) Sketch the solutions in the two regions,
(c) What is the wavelength for x< 0 (in centimeters)?
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(d) What are the boundary conditions at x = 07
(e) Make a general statement about the possibility of finding

the electron at some positive value of x,

(VII-2) (20 points)
(a) In a one-dimensional harmonic oscillator, with

characteristic frequency Vg what is the energy and parity of
the eigenstate associated with quantum number n? What
values may n have?

(b) The wave function of a three-dimensional harmonic
oscillator may be written as the product of three one-
dimensional harmonic oscillator eigenfunctions of each of the
three Cartesian coordinates, with respective quantum numbers
n n n . Find the energy, parity, and degeneracy of the lowest
four distinct groups of energy levels.

(c) The three-dimensional harmonic oscillator can also be
solved in spherical coordinates, The same energy eigenvalues,
through differgnt eigenfunctions, will be found. Using your
knowledge of the parity and degeneracy of various states,

deduce which values of angular momentum quantum number,

4, are associated with each group of levels enumerated above

(VII-3) (20 points) A free atom of carbon has four paired electrons

in s-states and two more electrons with p-wave orbital wave

functions.
(a) How many states are permitted by the Pauli exclusion
principle for the latter pair of electrons in this configuration?
(b) Under the assumption of L-S coupling, the '"good"
quantum numbers will be: total angular momentum, 3; ’
2. (zl + 12)2; and s? - (s1 + 52)2. Give the sets of values
of J, L, S allowed for this configuration of two p-wave

electrons.
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(c) Add up the degeneracies of the terms found in (b), and show
that it is the same as the number found in (a),

(VII-4) (20 points) The atomic number of Na is 11,
(a) Write down the electronic configuration for the ground
state of the Na atom showing in standard notation the
assignment of all electrons to the various one-electron states.
(b) Give the standard spectroscopic notation for the ground
state of the Na atom., (Prototype form: 53F2)
(c) The lowest frequency line in the absorption spectrum of
Na is a doublet. What are the spectroscopic designations of
the pair of energy levels to which the atom is excited as a
result of this absorption process?
(d) What is the mechanism responsible for the splitting
between this pair of energy-levels?
(e) The total angular momentum j of the atom is different
for these two levels, Does the level corresponding to the
higher value of j lie lower or higher?
(f) The splitting between these two levels is proportional to
the average value of rn, where r is the distance of the

valence electron from the nucleus, Derive the power n by a

simple argument,

(VII-5) (20 points)
(a) State all the commutation relations among the angular
momentum operators Lx’ Ly' Lz 2a.nd L2.
(b) Let ¥ 4m be an eigenstate of L~ and L, with
eigenvalues 'l‘izz (¢ +1) and fim, respecfively. Show that
¢ = (Lx + iLyW 4m is likewise an eigenstate of L2 and L.
and determine the eigenvalues,

(c) Show that if £ = 0, the state y m of part (b) is also an
eigenstate of L, and L .
x y
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(VIII-1) (15 points) State the quantum numbers S, L, J for each
of the following:
(a) The ground state of neutral boron (atomic no. 5).
(b) The ground state of singly ionized sodium (atomic no. 11).
(c) The ground state of doubly ionized sodium,
(d) The first excited state of singly ionized sodium.
(e) The ground state of the H2 molecule.

(VIII-2) (10 points) A particle of mass m is bound in a one-
dimensional potential of characteristic width a, and has a ground
state energy E = -B. There are two quantities of the dimension of
length which occur from a study of Schrdedinger equation:

,hz

dl=a and d2= m

Answer qualitatively the question: "Over what distance d is the
particle's probability density spread out?" Sketch the wave function

in order to illustrate your conclusions,

(VIII-3) (10 points) In the figure, A and B are Stern Gerlach magnet
systems which allow only Sz = +1/2 states to pass (we have a
bunched beam of potassium atoms incident from the left). The
bunched beam is subjected to a spatially uniform magnetic field B

in the region between A and B for an interval of 1 microsecond.
What should be the magnitude and direction of B so that none of the

beam can reach the detector D?

A B
=X D
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(VIII-4) (10 points) Approximately what is the lifetime r of the

2p state of hydrogen? According to the uncertainty principle we
would say that the energy of this state is uncertain by an amount
roughly AE =4/r. Ina famous series of measurements begun
twenty years ago, W. E, Lamb determined the energy of this state
with an accuracy about one thousand times better than this AE,

Explain,

(VIII-5) (15 points) Give the formula and numerical value in cm
accurate to at least one significant figure for:

(a) The radius of the first Bohr orbit in H,

(b) The radius of the first Bohr orbit in Hg.

(c) Compton wavelength of the electron,

(d) Compton wavelength of the pi-meson.

(e) De Broglie wavelength of a 10 keV neutron.

(f) De Broglie wavelength of a 10 BeV proton.

(g) Compton wavelength of the neutrino. (Specify which kind of

neutrino. )

(h) The radius of the heaviest stable nucleus,

(VIII-6) (10 points)
(a) Prove that the expectation value of the momentum operator

-
P must vanish in any stationary state.
(b) Under what general conditions can one also prove that the

expectation value of the position operator ¥ must vanish?

(VIII-7) (10 points) State the selection rules for electric dipole
transitions in light atoms. Which of these rules remain valid in

heavy atoms ? in nuclei?

(VIII-8) (10 points) Atomic hyperfine structure is smaller than
atomic fine structure by approximately the ratio m/MZ, where m
is the electron mass, M the proton mass, and Z the atomic

number, Explain this resuilt.
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(VIII-9) (10 points) Consider the function f(x) defined by the power

series

© n
f(x) = T =
n=0 (n!)®

where p is some positive real number. How fast does this function
increase as x goes to + infinity? Could this be an acceptable
solution to some Schroedinger equation when we have the

normalization requirement

fo Iv(x)lzdx =12
Explain,

(IX-1) (5 points) A cyclotron accelerates deuterons to 16 MeV
energy. The deuterium is replaced by helium, What energy alpha

particles are obtained?
(IX-2) (5 points) What is the density in gm/ cm3 for nuclear matter?

(IX-3) (5 points) Alpha particles and protons of the same kinetic
energy are passed through a gold foil, What is the ratio of their

coulomb scattering (nonrelativistic)?

(IX-4) (5 points) How much energy (in joules) would be released if a

meteor of 1 kg of antimatter were to hit the earth?

(IX-5) (5 points) What is the ground state energy of an atom
consisting of an electron and a positron bound to each other by their

coulomb attraction?

(IX-6) (5 points) How many spectral lines appear in the Zeeman

splitting of the 2D3 /2 -+ 21-"l /2 transition of sodium?

(IX-7) (5 points) A particle of mass m 1is confined by an
appropriate potential to a spherical region of radius R, Give a
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rough estimate of the particle's kinetic energy in its ground state.
(Consider only nonrelativistic quantum mechanics.)

(IX-8) (5 points) Calculate the short wavelength limit of a 25 keV
X-ray tube,

(IX-9) (5 points) A large number of identical Fermi particles are
confined in a box of volume V, occupying the lowest accessible
levels. By what factor does the maximum momentum of the particles
change if we double the volume of the box, leaving the number of

particles unchanged®?

(IX-10) (5 points) State the magnetic moment of the proton to within

a factor of 2 in accuracy.

(IX-11) (5 points) What ig the ground state (in spectroscopic notation)

of the helium atom?

(IX-12) (5 points) A particle moving under the influence of a potential
vV=1/ 2kr2 has a wave function Y(r,t). If we change the wave
function to ¥(ar,t), by what factors are the mean kinetic and

potential energies changed?

(IX-13) (10 points) Using elementary Bohr theory,
(a) Calculate the magnetic field at the center of a hydrogen
atom where the electron is in its ground state.
(b) Estimate the hyperfine splitting of this state.
(c) Calculate the frequency of radio emission that would be
observed from hydrogen gas such as distributed throughout
the galaxy (neglect the magnetic moment of'the electron),

(IX-14) (15 points) Consider an atomic system consisting of two
protons and one electron. Suppose first that the protons are held
stationary at a distance R from each other, and that we study the
ground state energy of the electron as a function of R, EO(R).

(a) Give expressions for E o(-) and E (0).

(b) Suppose now that we consider the\.two protons to have an
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"effective potential energy'" V(R) equal to the sum of EO(R)
and their Coulomb repulsion potential energy. In terms of
EO(R). what is the equilibrium position of the protons?

(c) If we assume that EO(R) changes smoothly and
monotonically from Eo(o) to EO(O), make a rough sketch of
V(R) as a function of R.

(d) So far we have neglected any kinetic energies of the
protons, Describe qualitatively the nature of the low-lying
energy states corresponding to the electron in the ground state

and the two protons in low excited states.

(IX-15) (15 points) A parallel beam of electrons is accelerated
through 37 volts and is incident normally on a screen containing a
slit 1,0 & wide (clearly an impossible situation), A detector of
small dimensions (~ 1 ) scans perpendicular to both the slit and

the beam direction 10 cm from the screen:

Detector moves here

ANNANINANNN

10 cm:

|

(a) Approximately how wide is the intensity pattern recorded
by the detector?

(b) If a second slit similar to the first one is placed in the
screen parallel to the first slit and 10 A away from it, sketch
the intensity pattern observed by the detector,

(c) Suppose that the intensity of the electron beam is reduced
until only one electron is in the region between the slits and
detector at a given instant. How does the pattern change?

(d) What is the observed pattern if a second (transparent)
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detector is placed across one slit to obtain knowledge of which

slit a particular electron passed through?

(X-1) (20 points)
(a) A muon is a particle of mass 206 m and charge equal to
that of an electron, If a negative muon is captured by an atom
of phosphorous (Z = 15) and cascades down the various energy
levels, what is the energy of a photon emitted by a transition of
the muon between the n = 3 level and n = 2 level?
(b) Experimentally a precise determination of the energy of the
photon emitted as described in (a) can be used to obtain an
accurate value of the muon mass, It turns out that the photon
energy lies near the middle of the K absorption edge in lead
(Z = 82). Make a rough calculation of the energy at which the
lead K absorption edge occurs to show that the above
statement is reasonable,
(c) Explain why, from an experimental point of view, this is a
fortunate circumstance and indicate how you would use this fact

to obtain a precise measure of the photon energy.

(X-2) (25 points)
(a) Starting with the expression for the energy radiated per

second by an accelerating charge,

derive the expression for the Thomson cross section.
(b) Describe how Thomson scattering is related to Compton
scattering.
(c) Suppose 1/2 MeV y-rays are scattered from hydrogen
atoms through an angle of 90 degrees,

(1) What is the energy of the photons scattered from the

electron? From the proton?
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(2) Make an order-of-magnitude-estimate of the ratio
of the scattering rates y + e /y + p.

(X-3) (20 points) Given the classical formula (see problem (X-2))
for the power radiated by an accelerating charge, and using the
correspondence principle, find the mean life of a highly excited
quantum state of a simple harmonic oscillator in terms of the
quantum number n of the state, the classical angular frequency uw,
and the mass m and charge e of the oscillating particle.

(X-4) (20 points) A simple model of a nucleus of N neutrons and Z
protons considers the nucleons bound in an infinitely deep (square)
potential well,
(a) Calculate an expression for the density of energy levels
(i.e., the number of levels per unit energy interval) in this
potential,
(b) When the nucleus is in its lowest energy state, what is the
maximum kinetic energy of a single nucleon?
(c) Show that if the nuclear density is constant this energy is
independent of the number of nucleons.
(d) How can the model be modified to take account of the
electric forces between protons?

(X-5) (15 points) A paramagnetic salt of Tis+[3d1. 2

in a magnetic field of 10, 000 gauss and in a bath of liquid helium at

D3 / 2] is placed

1°K. Approximately what fraction of the Ti ions will have their
spins aligned parallel to the field.

(XI-1) (20 points) A javelin is "perfectly' balanced vertically with its
point on a stationary horizontal marble slab, Estimate the time it
takes to fall over from uncertainty principle considerations,

(XI-2) (20 points) In some magnetic materials there exist spin waves
of frequency w = Dk2 where D 1s a constant and k is the wave
number (magnitude of the propagation vector) of a given spin wave.
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The energy levels are quantized, and given by E = nfw.
(a) Find the phase velocity v and the group velocity u for
these waves as a function of w.
(b) Derive the temperature dependence of the total energy

density U associated with these waves at thermal equilibrium,

HINTS: These waves are bosons and thus have a thermal energy
distribution given by Planck's law as does black-body radiation. The
number of waves N(k) having wave numbers between k and k + dk
can be obtained as in the theory of the free electron gas (except that
the spin waves have no factor of 2 for polarization as do the photons

and electrons),

(XI-3) (20 points) Give a brief discussion of the following topics in
quantum mechanics:

(a) Physical interpretation of the wave function ¥(x).

(b) Rules for vector addition of angular momenta.

(c) Selection rules for changes of j, 4, and m for

allowed electromagnetic electric dipole transitions.

(d) Required relationship between any two dynamical quantities

G and F that they be simultaneously measurable to arbitrary

accuracy.

(XI-4) (5 points) Estimate the kinetic energy of a nucleon in a carbon

nucleus. The diameter of the nucleus is about 2 x 10_15 meter,

(X1-5) (5 points) The sun radiates energy at the rate of 4 x 1026

watts including its neutrino emission, Assume the power is

generated entirely by the proton-proton cycle, which results in

4p -+ I-Ie4 + 26 MeV,

How many helium atoms are being formed per second in the sun's

interior?

(X1-6) (5 points) What is the approximate (i.e,, vithin + 30%) energy
of K X-rays for copper?
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(X1-7) (5 points) What minimum incident energy must an electron
have in order to produce an electron-positron pair upon striking a

second electron which is at rest?
- - - - - +
e +te +e +te +e +e
(XI-8) (5 points) An atom has atomic number Z = 26 and frequently

shows valence +2, Give the configuration state of its electrons.

[Example: The configuration state of oxygen is: (152 282 2p4)3P2.]
(XI1-9) (5 points) Estimate the Zeeman splitting Av of hydrogen
spectral lines in a magnetic field of 10, 000 .gauss.

(XI-10) (10 points) A particle moves in a symmetrical one-

dimensional potential, as illustrated:

v

In each of the following cases, state whether the first-order
perturbation correction to the energy (A) raises the energy in first
order; (B) raises the energy only in second order; (C) lowers the
energy in first order; (D) lowers the energy only in second order;

(E) doesn't change the energy.

(a) Perturbing potential: _] I L System is in ground

state .
(c) Perturbing potential: __J l L System is in first
excited state .

(c) Perturbing potential: 7& System is in ground

state .
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(X1I-1) (20 points) Consider a state of a two-particle system

represented by the wave function

iP(x +x,)/ 20 -(Mk/2)"/ 2(x -x,)%/ 21
Yy=e e
where xl. x2 are the positions of the two equal mass (M)
particles moving in one dimension and interacting with a harmonic
oscillator force F = -k(x1 - xz).
(a) What is the expectation value of total energy of relative
motion?
(b) What is the mean absolute value of relative
momentum ?
(c) If a measurement of relative momentum p were made,

with what probability would one obtain

p < ’ﬁ\/2M_k

(X1II-2) (10 points) The wave function
ikz elkr
¥(r) ~ e " +1f(@) r
r-e
is used to describe a quantum-mechanical scattering process.
(a) Use § to find expressions for the incident and scattered
probability current,
(b) Find the relationship between f(g) and the differential
cross section og(g).
(XII-3) (10 points) Below is a plot of data (say, the excitation cross
section of an atom vs bombarding electron energy). A quick run has

been made to obtain the general form.

o
. e o
o« ° * * e o
° . o
[ W W WS UUNS SN WA SN S T SR TR N S
1 T4 6 7 8 3 10 1 & U
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You have time for five more points. Approximately where would you

take them and why ?

(XII-4) (5 points) What is the probability that a long-lived radioactive
source gives 9700 counts or less during a one-second interval if its

average counting rate with the same detector is 104/ sec?

(XII-5) (5 points) What is the probability that a radioactive atom
having a mean life of ten days decays during the fifth day ?

(XI1-6) (5 points) The half-life of the neutron is about 12 minutes.
How much energy (in MeV) must a neutron have to give it a 50%
probability of surviving a trip to the earth from a star 10 light years
away ?

(XII-7) (3 points) A K meson decays into two spin zero neutral pions,

What are the possible values of the K meson spin?

(XI1-8) (3 points) Draw the coufiguration of least energy for three
positive charges constrained to remain on the surface of a sphere,

Similarly, for four charges,

(X1I1-9) (3 points) Estimate the height of the coulomb barrier at the
nuclear surface for a-decay of U238.

(XII-10) (3 points) What would be the radius of the 1ls orbit of a
neutron-electron system bound by the gravitational force only? (The
universal gravitational constant G = 6.7 x 10-8 dyne-cmz/ gramz.)

orbit radius = cm,

(XII-11) (3 points) How does the radius of the K shell of an atom

depend upon the atomic number Z°?

(X1I-12) (3 points) Consider a hydrogen atom whose electron is in
the state with quantum numbers n =3, g =2, To what lower states
are radiative transitions possible? (Consider only electric dipole
transitions. )

(XII1-13) (3 points) How many electrons can be put in the shell

corresponding to n = 5?
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(XII-14) (3 points) Consider an atomic system consisting of an
electron and positron bound to each other in a state of orbital angular
momentum £ =1, What is the magnetic moment arising from the

orbital motion?

(XII-15) (3 points) State the eigenvalues of each of the four spin

operators for an electron:

s,S8, 8, and sz=sz+s +s2.
x z x y z

(XI1I-16) (3 points) Imagine that an electron is fixed in position so
that it has only a spin degree of freedom. Express its energy levels

in a uniform magnetic field H in terms of H and the fundamental
constants e, i, m, c.

(X1I-17) (3 points) A particle at rest, whose mass i8 m, decays
into two photons (a ° mean, for example), The formula for the

momentum p of each photon is
p=____ .
(X1I-18) (3 points) A photon strikes an electron in a hydrogen atom

at rest liberating the electron. Under what condition is the

assumption that the electron was initially unbound and at rest a good

approximation in analyzing this event?

(X1I-19) (3 points) Consider a hydrogen atom in quantum state
characterized by principal quantum number n =2, In the

semiclassical picture, which orbit is the more eccentric, ¢ =0 or

4 =17

(X1I-20) (3 points) The binding energy of the electron in its ground

state in the He+ ion is, in electron volts:

(X1I-21) (3 points) Name two important mechanisms by which a
beam of 500 keV photons is attenuated while passing through matter,
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(I-1)

a. The size of the nucleus is small compared with the de Broglie
Compton wavelength of low energy a particles. Therefore the
scattering of low energy a's by the nucleus is coherent. The cross
section for coherent scattering of an a particle from Z-protons in
the nucleus is proportional to Z2. The scattering of an a due to
the electrons is incoherent because the radius of an electron's orbit
is much larger than the de Broglie wavelength of the particle. The
cross section for a-electron scattering is proportional to Z,
Therefore the scattering of a-particles by a nucleus dominates over
that due to electrons. Furthermore the energy loss due to a-nucleus
scattering is much larger than the ionization energy loss to the
electrons, since the energy transferred to an electron per a-electron
scattering is less than 2mev:. Finally the scattering angle of the
a-particle is much larger when it is scattered from a nucleus rather
than from an electron. These are the main reasons why one can
neglect the effect of the atomic electrons,

b. The cross section of Compton scattering is proportional to

the inverse of the square of the mass of the scattering particle.
Therefore we have
2

cross section of photon-electron scattering - (mN) >> 1
cross section of photon-nucleus scattering m

from which we see the effect of the nucleus on the X-ray is negligible.

(I-2) The magnetic field at the center of a loop with current i is

THR !
0 (1)

288
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where a is the radius of the loop. For an electron in the 2P state

of a H atom we have

a=n2a. v=.:z:E with n =2
o n

and
~-19 1 8
i=eV= eac =1.6x10 xmx3x10
2Ta 3 10

2'rrna0 2x3.14x 4x 10

=1,4x 10-4 amp.

Therefore we find

_4mrx 10-7 x 1.4 x 10-'4 webers
B = =10 = 0.43 —
2x (2x10 ) m

(I-3) From classical wave theory we know that the Doppler width is

dop ey
P~ (1)

where \/<V2> is the root-mean-square of the velocity of the

mercury atoms and

8
9 -
" "'HTWC - (2#)(M—3) - 7.43 x 10" %sec”?,
2.537 x 10

Using the equipartition principle we obtain
m - kT
Doy - K
or
2 _ [&T _ [T (1.38 x 10”163 x 10%)
[<Vv>=ym=c/-3°"¢ 34 20
mce 202(1.66 x 10 “ )8 x 107)

=3.7x 10 e,
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Therefore we have for (1)

fwp = 3.7x 107" xw = (3.7 x 107" )(7.42 x 10'%) = 3 x 10%/sec.
The natural width is defined through the uncertainty principle
1
AWN = -;
where r is the mean time that such a transition takes place. For
1

electric dipole transition, r w» 10_8 sec or AwN ~ lossec- << AwD.
The total power radiated is

W = nfw =-'£:—9- where n = number of photons per

Therefore

18 1973 _ 18 .
W =10 X ~200 - 5x 107 eV ~ 1 joule.
(1-4)
a, ls2 252 2p6 382 3p6 491.
b.L=0, S=1/2, J=1/2,

c. L
+1
—h = 1 0 2AE
-1
—12=0
vy W —&») y, (0 +4»)

For normal Zeeman effect we have to conslder only the energy split
due to different values of m e the z-component of the orbital
angular momentum. For ground state m . " 0, and for the first

excited state (4p) m . " -1, 0, + 1, The energy levels and the
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allowed transitions are shown in the above figure. The energy shift
AE 1in a magnetic field B is

'.'.'eh R
4Tmc B.

AE =

The selection rule for transitions between magnetic sublevels is

Am‘=0 or +1. Thus

eh
= B = +
Amz +1: hv hvo 4."_ch
Am‘ = 0: hv = hvo
eh
Am‘ ==-1: hv-= hvo " Irme B.
(1-5)
a. Since y§ has to be normalized, we have the condition
a
2
I, a1
or

a
2 2 mx . 2 ,3mx 1 2 3mx i
C f-a (cos (z)+sm ( = ) + T ‘_Za—”dx =1
where we have neglected all the cross terms which vanish after
integration, From the above expression it is straightforward to

carry out the integration. We find

21,1, 1, _
2ac’G+5+35) = 1

or

(1
C=4 '3Ta'-

b. Substituting the three terms in y separately into the
Schredinger's equation we obtain
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2 2 2 2 2. 2
A d ™ A" T ™ _TAh ™ m
“om .22 "2m, 299832 " 3 C%8 %, Eycosgy,

dx 4a 8ma
22 & 3 alor | 3mx . 3mx
-m-—zmn—a—_stinT!Ezsln-a—,

dx a

2 92 2 2
and -LE—COS 3-’rx=9ﬁ.". cos 31rx.=-E cossl-xm
Zmdx2 2a 2 2a 3 a

8ma

We find these functions are the eigenstates of the system and El’
Ez, and E3 are the corresponding eigenvalues, Since the given
wave function is a linear combination of the three eigenfunctions,

the possible results of the measurement are

#2152 9#2{52 _ 91r2'!i2
E, = ; E_ = ; and E_ = .
1 2 2 2 3 2

8ma 2ma 8ma

The corresponding probability to measure each of them is
proportional to the square of the weight of each wave function. We
find

=1:1:-L
P tPy:Py=1:1:7¢.

Since P, + P_ + P, equals 1, we find

1 2 3
16 16 1
Py =33 Py=33 and Py =73,
(I1-1)
a. 939.5 MeV or 1.675x 10” 2" kg.
b. 6,626 x 102" erg-sec,
2
y He 137°
d. A = h =21rﬁc =21rx 1973=0.0248A.
e mec 2 5
e mec 5% 10
2
e, r = £ = 2,82 x 10.13 cm,
o 2
m ¢
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f. 10.9 seconds.

2.7 eh _ -18 MeV
g. Hp  T2mc =8x10 Gauss *

h., er =3,03 x 1013 cm or g = 10 seconds,

i, v=oac =2,2x 108 cm/sec.

(11-2)
a. Substituting -x for x into the time-independent

Schrdedinger equation

;‘m —i‘i + V&) (x) = Ey (x) )
we obtain
2md_‘l’£‘.+ V(-x)y(-x) = Ey(-x). (2)

Using V(x) = V(-x), we can rewrite equation (2)

A EEL"T"’ + VOOy (-x) = Ey(-x) 3
2m dx

from which we see y(-x) is also a solution of the Schrdedinger

equation corresponding to the same energy E. However we know

that y(x) is not degenerate; therefore y(x) and y(-x) must be

linearly dependent. Since both wave functions are normalized, we
obtain,

y{x) = + §(-x) (4)
where + means ¥(x) has either positive or negative parity.

b. The potential V(x) satisfies the condition V{x) = V(-x).
Therefore as we proved in part a that the wave function has definite

parity: y(x) = + §(-x). Let

k=21£andk=

1
1 2a 4

2.2
(2mv° - kl‘ﬁ )
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where n is an integer. Since the wave function must vanish at
x = +a, y(x) behaves like sin kl(x + a) in the region -a<x< -b
and like + sin kl(a - x) in the region b< x< a. Furthermore, ¥
decreases exponentially according to

-kz(b+x) -kz(b-x)
e R +(-)e
in the regions -b<x< 0 and 0< x<b, respectively, where +(-)
means positive (negative) parity wave function. The ground state ¢1
has positive (even) parity and the first excited state *2 has negative
(odd) parity. The energy for the nth state is

2 2452

_n°r

E n=1, 2, ...

8ma.2
The wave functions wl. ¢2. and (tl + ¢2) at t = 0 are plotted
below as functions of x:

7N W + Yp)att=0
V =00 Y 4 \

N

c. Let us construct a wave packeét

-iElt/ﬁ -iEzt/h
L *19 + *29
Since *l and '2 are destructive in the right-hand well,
constructive in the left-hand well, and negligible in the region
-b<x<b, y is almost entirely in the left-hand well at t = 0, As
time goes on, the phase difference between the two terms of ¥
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changes as (E2 - El)tllli. Therefore the wave packet gradually
moves to the right-hand well and then bounces back. The period of
oscillation is

2mh

E,-E,

(11-3)

a. 1s : The magnetic moment of the positron is pointing along

0
the direction of its spin, while that of the electron is opposite to the

direction of its spin. From classical electromagnetism we know that
the potential energy of the system of two magnetic dipoles is lower
when the two dipoles are in the same direction rather than when the
dipoles are in the opposite direction. Therefore the spin of the
positron is opposite to the direction of the electron for the ground
state,

b. The reduced mass of positronium is p = (1/ 2)me.
Therefore the binding energy = (1/2) (binding energy of H) = 6.8 eV,

c. Ev = (2me - (binding energy))/2 ~ 0.5 MeV. Because of
conservation of momentum and angular momentum, the two gamma
rays are in the opposite direction with angular momenta antiparallel

to each other,

(11-4)

al
<g',m'|[L,L_]|¢, m>
=<g',m' I[Mx + lMy. M_- iMy]Il.. m>
= - = )
<t',m' |2(lMny mey)lz. m> =<g',m' |21[My. M_] |4 m>

=<z'.m'|25lez.m>

= 26%ms (2 - £"6(m - m").

b. In the case that x is an operator (matrix) the functional
eu. cos x, and sin x are all defined by their corresponding
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2
o 8/2 o _0/2)
y - 8
e -1+(ioy2)+—%—+... ‘
©,0/2° 8/ 5
1T e D)
©.8/2° . o/2)°
%y .y -
31 51 ce

Using the relation that o; =1 we find

ic_08/2 2 4
y _ 4 _f8/2) (8/2)" _
e =1 21 + 4

3 5
8 (8/2)" | (8/2)
oG- *t—51— -+)

- 8 ]
-cosz+ioysin2.

(II-5) The electric potential inside a uniformly charged shell is
V = e/a = constant, while the corresponding potential for a point

charge is e/r. The energy shift is

2 2
* e e 2
AE-I*'('I_—‘—a.—)*!' drdQ
a -2r/fa_ 2
1.3 o,e e, 2
-], G-
(6)
2 2 2 -13 2
~2e; =§-x—ea—x (ai)z=§-x 13‘63VX(¢_——8)
3a° o o 0.5x 10

from which we see the energy level has increased. Therefore the

binding energy decreases.

296

(III-1) What usually determines whether a nucleus is stable or not is

the ratio r, defined by
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_ electrostatic energy 2e2 AI/ 3
surface energy of the nucleus Az 3
2 2
= constant 2

where we have used the relation: radius « Al/ 3 and area of nucleus
surface « A2/ 3. When r is small, the nucleus is stable. The
nucleus becomes unstable when r > o where r, corresponds to

Z ~ 80, A ~ 200.
o o

We find
2 2
(2 )'e 2 2 2
r = constant x —— > constant x -w)— = constant x iz—'ez
o Ao - A A
Thus
2 Z2 2 2
4Z o _(80)" _ ... 4Z ~ 4Z
A SE_ T Tz00 T 3% further =g =2z

So 2Z =32 or Z =16, The heaviest stable nucleus would have
Z=16, A=32.

(I1I-2) The Paschen-Back effect occurs when uNB is comparable to
the hyperfine separation which is of the order of 10.6 eV, Therefore

-6 -1
B-10 ._10 3 — 3 X 10° gauss.

UN 3x10

¥

(I11-3) K.E, = m c2 +m c2 = 2m cz.
n n n

(I1I-4) The Bohr radius of the muon is proportional to 1/Z and the
number of protons in the nucleus is proportional to Z, Therefore
the probability of the muon inside the volume occupied by the nucleus
is proportional to Z4.

(I1-5) E, <10 MeV, {i.e,, when the de Broglie wave length of the
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nucleon is not much smaller than £/ m c, where m is the mass of

the pion (3¥ =071y,

(II1-6) This. problem is similar to the problem of a linear harmonic
oscillator. The potent.al in the region x> @ is the same as that of

a L,H.O. Therefore we have the same Schrdedinger equation

2 .2

# a% 1, 2
Ht=--2;-;‘-%+51mt=o for x> 0.

However the boundary condition becomes

tn(x =0) =0,

For even n's, the wave functions of a L.. H.O. are even functions of
x. These wave functions do not vanish at x = 0 and therefore do not
satisfy the above boundary condition, For odd n's, the wave
functions are odd functions of x. Therefore

'2m+16‘ =0)=n

for any integer m. We see the functions

Yom+1 ™

satisfy the boundary condition and the Schrdedinger equation;
therefore these functions are acceptable solutions, The

corresponding energies are

E =(2m+%)ﬁn for m=0,1, 2, 3, ...

2m+1

(III-7) Absolute symmetries and conserved guantities:
a, C.P.T. =1,
b. Lorentz invariance.
c. Conservation of probability (unitarity).
d. Conservation of the number of Fermi particles,
e. Conservation of angular momentum, energy, and linear

momentum,
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f. Baryon number and lepton number.
g. Charge.
Partially conserved symmetries:
a. Parity,
b. Charge conjugation,
c. Time reversal invariance,.
d. Charge independence of nuclear force.
e. G-parity.

f. Strangeness, etc.

(III-8) The differential decay rate of the particle at time t is

dt  dt
+r)

_(—
t ot

) t +t,
air e
12

dP(t)

from which we find the probability that the meson still exists at t is

totty
P(t) = exp - (—‘-l:-t—-—) t.
12

The uncertainty in time is then

)
t e

The uncertainty in energy according to the uncertainty principle is

‘ﬁ(tl + tz)
AE =—t T
12

or

'ﬁ("l + tz)
AN = ~——————

2
(tlt2 )
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(111-9)
Group velocity = -;—” %::- -%

h E c2
Phase velocity = Av = mv "mv v

(I11-10)

a. The 1s state vanishes only at infinity.

b. The 2s state vanishes at r = 2a° as well as at infinity.

c. The 2p(m = 1-1) state vanishes at § =0, 7, andat r =0
and r =, The 2p(m = 0) state vanishes at § = 7/2, (3/2)r, and at

r=0 and r ==, (Here m is the magnetic quantum number and

0 = colatitude),
(II1-11)

_ 21r2me4z2

e =
h2

a. The effect of the relativity correction is to make the binding
eﬁergy larger (energy leyel lower) because the mass of electrons
becomes larger,

b. The screen effect reduces the effective Z; therefore the
binding energy decreases,

c., As far as the charge distribution of the nucleus is uniform
and spherically symmetric, the interaction potential energy between
the. electron and the nucleus is the same if we assume the electron is
in a definite orbit according to Bohr atomic model. However,
according to quantum mechanics, the electron has a finite probability
of getting inside the nucleus, Therefore the binding energy is
smaller if the nucleus has finite size. (See II-5,)

(111-12)
a. Only gravitational potential, Ve« -1/r.
b, Vx 1/r according to Coulomb's law,
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c. The neutral atom acts like an electric dipole in the field of
the ion. The potential energy Ve« -1/r 2.

d. The nuclear potential is of the form of - e-kr/r.

e. Neutrons are neutral particles and have no electric dipoles.

The major contribution therefore comes from the interaction
between the magnetic dipoles associated with the neutrons., The
potential energy of two magnetic dipoles is of the form of

-2d1d2/r 3 with d, =d, = d (magnetic dipole of a neutron),

(I1I-13) The total wave function can be written as a product of
radical function R(r) and angular function ¥(6, ¢):
v(r,0,9) = R(r) (8, 9) (1)

v(8,9) can be further decomposed into the angular momentum

eigenstates as

m

W(G.tp) = E az
m »

£,

where Y;n(e,cp) are the well-known spherical harmonics defined for
£ and m integers and for 0 < m < . The eigenvalue of angular

momentum corresponding to state

m
Yz (8,9) is ‘/z(z + 1),ﬁ

The square of all
m 2 2
IYz ©,9)|" except IYg(e.q:)I

are functions of @; so are all the interference terms.* We find the

only state satisfying the condition that

Mk

*If the sum of a certain interference terms is independent of § and

P, i.e.,
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is independent of 6 and ¢ is

'(eov) = Yg(ea ¢)n

f.e., £ =m =0, Therefore the only allowed value of angular
momentum is zero, The system has to be ina S state.

(IV-1) The one-dimensional Schridedinger equation is

2 .2
A" d
?ﬁ;;% (B - V. (1)

For particles in the left-hand region, V = 0; (1) becomes

Ly, 2mE
dx x

the general solution of which is

iklx -lklx
¥, = Ae + Be (2)

For particles in the middle region, V = Vo' where Vo > E. The
corresponding solution of Schrdedinger equation is

k, x -k x
¥y =Ce’ +De 2 (3)
*
mt mj
Z a4, (0,08, '0,¢) = const. = A
L3 A i

then by integrating over dNl and using the relation
L
JyTe Ny (0.9)d0 = 0 for £# 4" or m#m'

we find 47A = 0, Therefore these terms vanish,
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where

’2miVo - E)

k, = 7

For particles in the right-hand region, V = V1 < E. Since the wave
is traveling only in the positive x-direction, the solution of (1) is

ik _x

- 3
*R Fe

where

2m(E - Vl)

- T
The boundary conditions require that,

-ikld/ 2 ik1 d/2 -kzd/ 2 kzd/ 2
Ae + Be = Ce + De

-tk d/2 ik, d/2 ~k,d/2 k,d/2
ik Ae - iBk e = k,Ce - k,De

ik, d/2 k _d/2 -k, d/2
8 = Ce 2 + De 2
iksd/ 2 kzd/ 2 -kzd/2

iksFe = k2Ce - kzDe .

Fe

From (5) and (6) we obtain

-1k, d/2 -k,d/2 k,d/2
21k Ae = (k, + k,)Ce + (ik, - k,)De

From (7) and (8) we obtain

kyd/2 k,d/2
0, + fk)Fe = 2k,Ce

and

fkgd/2 ~k,d/2

(kz - tks)ll'e = zkabo

(4)

(5)

(6)

7

(8)

(9)

(10)

(11)
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Eliminating C and D between (9), (10), and (11) we obtain

-1k _d/2 -k,d k,d

1 2
2lk1Ae (ik1 + kz)e (k2 + ik3) . (ik1 kz)L (kz ik3)\

Tz~ ( %k, 2k, )

Fe

from which we find the transmission coefficient is

2 2
kg |F| 16k k, k,

v k4 kd2 kd kd2
k |A] 2 _ 2, 2 2 2, 2 2
1 (14:2 klk3) (e e ) + (klk2 +k2k3) (e +e )

4EV_- ENE - V,)
- 2, 2 22
((V, - E) -E@E - V) (sinh” k,d) + (V_ - E) « (E -/(E -V )* cosh” k.

~—7V-2) Let

3 2
A=
2 0

To find the eigenvalues, we have to solve the consistent equation,

|A-2If =0 (1)
or
3-2 2
2 -
B-\W\+4=0
0-4)+1)=0, (3)

Therefore A =4 or -1 are the two eigenvalues of A, For )\ =4,

from the definition of eigenvector we have

3-4 x
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-X, + 2x2 =0 or x, = 2x2. (5)

The normalization condition is

xf+x§ =1, (6)

The eigenvector corresponding to eigenvalue 4 is

2

N5

1

N

For )\ = -1

3+1 2 1

= 0 (7

2 +1/\y
i.e.,
4y +2y.=0 or y, =— (8)
41 2 1-292
yf+y:=l. (9)

The eigenvector corresponding to eigenvalue -1 is

1

5
2
5
(Iv-3)
a. -é is the probability current density which corresponds to
the Poynting vector in the classical electromagnetism theory.
b.
EH R AT 3 Tt
dtv dt ot

v
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. 'z%fv o793y - @3 Wy

= E%fv div(t* grad y - (grad t*)t )dv
2 - fv Ve édv.

Therefore
¢= 2—%,—10* grad § - (grad t*)v).

(1v-4)
a. For the ground state the wave faction is

1,3/2 0 (o XL

(- )

' = 2(—
o “a a N
where a, - 0.5A,

b. Probability of finding the electron between r and r + dr is

P(r)dr = Itolzdv where dv = 41rr2dr.

Therefore

Prdr = 20° 2 exp (- Zn?ePar )

() (o)

dP(r)
dr

c. For maximum P(r), vanishes., We get

d 2r, 2, _
Er—(exp (- ;o-)r )=0

or

2
ar -2 .
a

(o]
which leads to

r=a
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i.e., P(r = ao) is maximum. The other solution r =0

corresponds to the case P(r) is minimum, which is zero.

(Iv-5)

2

a. R~2h2~1Ao
me

b. Using the relation AT = 0.29°K-cm we find

A=10"1cem =104 for T - 3°K.

c. Energy gap = 1.1 eV,

d. About 200 MeV is released in fission of a single nucleus.
Energy released ~ the binding energy of the initial nucleps- the

binding energy of the final nucleus.

e.
10
f=A3~3—-x-—10f5-~4 X 1014 sec 1.
7Tx 10
f.
-13
t =g= 3 x 1010 ~ 10‘23 sec
3x 10
go

He = 0.9 x 10-'27 joules/gauss.

(IV-6)
a. The normalized wave function of the ground state between

two perfectly rigid walls separated by a distance "a is,

o 2 ™ .
u (x) = | = cos —
a a

which vanishes at x = -a/2 and at x = a/2. The eigenfunctions

after the expansion of the potential walls are

n 1 nrx
v (x) = = cos T for n odd
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vi(x) = %sinp-;%‘ for n even (n } 0)

which vanish at x =a and at x = -a. We can expand uo(x) in

terms of the set of orthonormal functions v':

o — n
ui(x)= 2 a v (x)

n=1
where
f a/2

n - -a/2
is the probability amplitude for the particle to be in state n. The
probability that the particle is in the ground state is

u®(x)v" (x)dx

a/2 a/2
2 2 m™ 1 1rx 2
= = — — — ——dx
P a, (f_a/zlacosa{a_cosz (f /zcos TX cos )
=.54
91r2

b. The energy is conserved in the statistical sense that the
initial energy E(u°) equals the sum of all the possible energy levels

times the probability to measure each of them, i.e.,
Ew®) =Z E (vi)P
1 i i

where Ei is the eigenvalue corresponding to vi and Pi is the
corresponding probability. (Refer to problem (I-5).)

(v-1)

a. Correspondence principle: the classical theory is a limiting
case of quantum mechanics as the Planck constant h becomes
negligible compared with some typical quantity, e.g., the angular
momentum involved in the problem. All the laws and predictions in
quantum mechanics should reduce to those in classical theory in this

case,
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b. Dulong and Petit law: the molar heat capacity of any metal
equals 3R or 6 cal/mole-deg.

c. Because initially all atoms of alkali metals are in the S-
state which is the ground state. A 3S electron can absorb a photon
only when the photon is in the principal series,

d. g is 2 for electron spin angular momentum and 1 for
electron orbital angular momentum.,

e. Compton scattering and photoelectric effect.

(V-2)
a. For an electron, the energy radiated is

™
]

. 1 1
13.6(T - —2)
n

10.2 eV for n = 2,

The energy levels are proportional to the mass m which is 210

times heavier in the case of a muon, Therefore
€ =2142eV.
u
b. The first Bohr radius is inversely proportional to the mass
m. Using a = 0.5 A in the case of an electron, we find

1 ~
a = 0.5 575 = 0.0023 A.

c. The velocity v = aw, is independent of the mass m
because a is inversely proportional to m while w, is

proportional to m,

v=

Bl%

ac
= ee——
n

where a 1is the fine structure constant.

(V-3) Using the relation )‘maxT = 0,29 cm-°K, we find the
maximum intensity of radiation energy at T = 2000°K occurs at

Apnax = 1+45 10"%cm = 1.45 x 10*4. The corresponding photon
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energy is about 1 eV which is a factor of 2 lower than the energy of
the sodium yellow line (2,07 eV). However the spectrum of the

thermal radiation energy is

0y =L 1
l5 c27KT

e -1

~—t 1
x° o7+ 22 10%/% _

Cc
10) = — -

AT (144 x 10T .

1 1

where the second radiation constant cy = 1,44 x 10-2m-°K =
1.44 x 10°4-°K,
For ) = 58904

©1 1

(5890)° ¢12-3 -

1(5890 &) ~
1

which is small compared with I(1,45 x 104 A), i.e.,

4.98 2
58 14,500,5 - . -
15890 A) _ 53900’ e 1 (2.46)° L:44X10_ _ g0 6)6 5451072
1(14, 500 X) 07 (123 4 2.20x 10 '

= 0.0580,

but larger than I(A < 5900 A). Since all the sodium atoms are in the

ground state 32S1 /2’ the lowest available excited state is

2
3 Py/2,3/2°

The transitions

2 2

3Py/e, 3727 3 512

corresponds to the 5890-A line. Since the transition rule of electric
dipole transition is AL = +1, the next lowest excited state is the 4P
state which corresponds to a line of wave length A\ = 3300 A. since
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1(3300) << 1(5900), this transition is negligible compared with the
yellow line, Therefore we conclude that the yellow line is almost
the only appreciable line at such low temperature,

(V-4) The Schrbedinger equation is,

52 dz*l
— —=+Ey_ =0 for x<0 (1)
2m 2 1
dx
B dz*z
m—3 FE-V N, =0 for x>0 (2)
dx
a. The solutions of (1) and (2) are
iklx -iklx
¥y = Ae + Be for x< 0 @3)
ikzx -ikzx
¢2=Ce + De for x>0 4)
where
k, = 2mE and k_ = —sz(E _ Vo)
1 A 2 A

For particles incident from left, D vanishes., The boundary

conditions are

dtl(o) dtz(o)
tl(o) = tz(o) and = T ax (5)
which lead to
A+B=C
and

kl(A -B) = kzc

or
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2k1

ozt A (6)
b +
kIl. k2
kl -k
B =——A 7)
+
key + ¥y

From (3), (4), (6), and (7) we have

ik.x k, -k -iklx

1 1~ %
* =A(e + ——
1 K K,
2k, ik.x (®
= A—.—l—-e 2
Vo T AR T

1 2

b. v =,’2E/ m, where v is the velocity of incident particles.
In a box of unit cross section and length £ = v, there is one
particle, The density of incident particles is just Az. Therefore

we have

sz =1 or A= (5%)1/4 (9)

c. For E<V,
o

2m(Vo - E)
ky =i =1k
(8) becomes

ik.x k.  -ik, -ik.x
1 1 3 1
*1 = A(e +We ) (10)

kl -kax

e
k, + lk3

. = 2A
2 1

The incident particles cannot penetrate the potential wall and are
reflected back. The characteristic distance particles can get into
the x> 0 region is

PO

k [Zm(V_- E)
3 mVo
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(V-5) Substituting the given wave function into the Schredinger
equation in the spherical coordinates,

dy

2
A k
F) + V(r)'k = Etk 1)

2m rZdr

1 d(rz

and carrying out the differentiation, we obtain

2 2
Ak
—2-;#1‘ + V(!‘)*k Etko (2)
where V(r) is a constant which can be set to zero. From this we

see

) ﬁ2k2

E 2m

The particle is a free particle.

(VI-1)
a. Probability current density
J=- 'zim f (t* grad y - (grad y*)y) « dA
surface

(Refer to problem (IV-3).
ikx * -ikx

b, For y=e , §y =e we obtain
th -ikx ikx -ikx ikx fk
3= - [ e " a)e"™ - (~tire e aa - ?n-fs da

5|2

= propagating velocity of the wave.

v

c. The current corresponding to a real wave function is
identical to zero,

(VI-2) Using the equation of constant acceleration we find the
typical transverse distance is

s=Ax+vxt
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where Ve is the transverse velocity: Ve © AP x/ m

Ap
x [2H
s-Ax+m g

A 2H 1
~bx +— < ix’ (1)

where we have used the relation Apx ~ -:i—: according to the

uncertainty principle. From (1) we find the condition for minimum of

8 is
A8 A [2H, -1
— 1 + — —[——] = o
Ax my g (Ax)z 3
where
{ 2 2..1/4
(Ax)2 = %,/% = -25—2!! or Axss (252H)
mg mg
Therefore
2.1/4

8~ 2(%2)

m g
(VI-3)

a. Comparing the formula v = aZ - b with the relation

- 21r2me4(z - 1)2 3
= 2 =

2 1
hv=Ef-Ei-(Z-1)Rch(l-;2') N

»

we find

=l./§§-c=1£&2/22
a=3 2hyY h

where R is the Rydberg constant.

b. In an atom with large Z, all the electrons except the 1S
selectrons are usually much farther from the nucleus than the 1S
electrons. Thus the 1S electrons have energy levels almost as if
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the other electrons were not present. If we take E(1S)« (Z - 1)2
and E(2P) « (1/22)(Z - 1)%, we obtain

. = E@2P) - E(1S)

or v« (Z - 1)2 which is a special case of the Moseley's law.
For optical frequencies we cannot neglect the interaction effect
of other electrons since in these cases transitions of electrons in the

higher states are involved.

(VI-4) Let the x-axis be along the first particle's direction, The

four momentum of the two particles are

P1 = (vlmlv, 0, O, iylmlc)

P2 = (0, 0, O, imzc)

where

The rest mass of the resultant particle is

4
1/21
M= - (El ®, + i='2)i « (P, +P,) <

2 2

- 1/2
=(m; +m, +2y;mm,)

The velocity V can be calculated from P, the linear momentum of

the resultant particle. Since momentum is conserved, we have

MV

P= =y,mv

1 - —

2
c

or

y";m:vz(cz - Vz) = szzcz
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from which we find

Y m, ve

V= L]
2 2 222
\lMc +y1m1v

(VI-5)
a. The torque acting on an electron is

-
:=JxB
e > 2
= - mcg(s x B)
or
=egsB +» 2
T = omc (for s 1 B),

The spin precession frequency equals the ratio of the torque to the

angular momentum of the electron,

+ SxT
= 3
8
or
-8B
Q= 9me

along the direction of B-field,
b. The cyclotron frequency is

w= 2—;%.. 8.8 x 106 ra.d-sec-l-gauss-1 for small a.

C.

_.TR
q:-Qt-Qv

,S8B mc g
2mc eB 2

[-4
=1r+-2‘o

316
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Therefore a measurement of ¢ determines the value of a. This is
the principle of the famous g - 2 experiment which measures the
small deviation of the g-factor of the muon from 2,
(VI-6)

a. Since the electron moves in a circular orbit, the condition

of equilibrium is:

e2 v2
S =m_ (1)
r

where v is the velocity of the electron, and r is the radius of the

orbit.
The Bohr quantum condition is:

Angular momentum of the electron = mvr =nh for n=1, 2, 3,...(2)

Eliminating v with (1) and (2) we obtain

nH (3)

e2
V=- = (4)
The kinetic energy of the electron is
2
1 2 e
T = Emv T (5)

The total energy E, is then

2

e me
Ezeceae—=- n-1,2,3. ceese

2r 2n2ﬁ2

b.

. me? 1 1 3
E(n=4)-E(n-2)-—2—(—§-—2-)=13.6er—8-=2.55eV.

m? 2?2 4 1
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(VII-1)
a. The Schrdedinger equations are
A dw, 4 () = Ey(x) for x> 0
2m 2 ot® = EV
dx
2 2
--;i_d_!ﬁ = Et(x) for x<0
m dxz

where Vo =20eV; E =10eV,

b.
V(x)

Sine wave

Exponential
— x

—

c, For x<0

h ___ 2mhe
/2mE /(2mc2)E

h
A==
P

Using m = 0.5 MeV/cz, 4c =1,973 x 10-11 MeV-cm, and

E =10eV, we find

_1.973x 2rx 10!

=3 =4x10 %cem
3.1x 10

A

where

/(zmc)zn = ((1.02 MeV)10~> MeV) 2 3,2 x 10”2 Mev.,

3i8
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d. The boundary conditions are that y(x) and gd%-)-
are continuous at x = 0,
e. The probability of finding the electron at some positive

value of x is proportional to
exp - 2x/\.

(VII-2)
a. Energy: En = (n +-;-)hv° n=0,1, 2, ...
Parity: P = 1"

b. Energy: E_ =E*+E +E°
n n n n

3
= (nx + ny + nz + E)h\)o,

n +n +n

Parity: P = (-1) * z

Therefore the lowest four distinct groups of energy levels are:

Degeneracy
n_+ ng +n, E. Parity n_ B, n_ 4 =2 (28 +1)
3
0 -2-h\) +1 0 0 0 0 1
o
1 Eh\, -1 1 3
270
2 I 41 2,0 6
2% ’

© O N = O H O O =
O N O O = = O = O
N O O = = O =, O O
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9
3 Fhv, -1 3, 1 10

©C O W O © H N = N -
O W O = N O O N M (=
W O O N M N = O O

c. Using the relations: parity = (-1)“ and number of states =

24 + 1, we find the values of £ associated with each group as listed

above in b.
(VII-3)

a, Since there are 6 2P-states, the number of ways for the
first 2P electron is 6, while the number of states available for the
second electron is only 5 because of the limitation of Pauli's
principle, Therefore we have 30 ways of arrangement for the two
2P electrons. However, since the electrons are indistinguishable,
the actual different ways of arrangement is 30/2 = 15,

b. Let S and L be the total spin and orbital angular
momentum of the two electrons. The total wave function of the two
electrons, §, can be decomposed as a product of spin wave function
15(81. Sz) and orbital angular momentum wave function 'L(rl‘ rz).
When we interchange electron one and electron two, we find

JRPEPEY 7
'L(rlo rz) '( 1) *L(r2' rl)

and
1505, 89 = 1% Ny s, 8)).

Therefore
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v, 2) = (0, 0, (1)

But according to Fermi statistics, the wave function of the two

electrons must be antisymmetric, i.e.,

¥(1, 2) = (-1)y(2, 1). (2)
From (1) and (2) we find

S+ L = even. (3)
Since

-§=§1+§2. S canbe 0 or 1

and since

+2. L canbe 0, 1, or 2,

=y

i',—
B | 2°

it follows that the possible ways of arrangement consistent with (3)

are:
S L J Multiplicity ot states = 2J + 1
0 0 O 1
0o 2 2 5
1 1 0 1
1 1 1 3
1 1 2 5

Total number of states = 15

(VII-4)
a. ls2 232 2p6 351.
2
c. 3 P1/2' 3 Ps/z.

d. Fine structure splittings are caused by spin-orbit
interactions, i.e., the interaction between the electron spin and the
induction field B due to the nucleus in the rest frame of the
electron,
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e. The energy level of higher j is higher,
f. Since the Coulomb potential is Ve« 1/r, dV/dr« r-z. The
interaction energy is proportional to

3. 218V, % pa

for fixed value of L.. Therefore we find n = -3,

{VII-5)
a. [L_, L_]=#iL
x Ty
[L_, L_] =1L
y 2z x
[L, L_]=#L _, and
z x y

L, L%1=0 i=xy, 2
b. L% =L@ +1L w
¢ ® x y 4m
2
= (Lx + iLy)L ¥ m
2
=(L_+ iLy)li L+ 1,
=124(s + 1)o.

Thus ¢ is an eigenstate of Lz.

chp = Lz(Lx + iLy”zm
=(#iL_+L L +H%L_+iL L W
.y X z x Yy z im
=(L_+ iLy)(m‘h + )y m

= (m + DAL, +1L W, = (m + 1)y

so that ¢ is also an eigenstate of Lz'

c. Let LY z Aytym ™=0.1,2 ..., 2
4, m
‘ = o. 1. 2. L RO ] (1)
where A ¢, m ore constant coefficients. Multiplying L2 on both
sides of (1) we get
LlLy 222 a 4(e + 1)y (2)
X 00 4m tm’®

2, m
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The left side vanishes because L“ commutes with Lx and

Lz‘oo = 0. Since the 'l,m are orthonormal functions, each term

on the right side of (2) must vanish, i.e.,

A‘m =0 unless 4 =0,

Therefore we find

LXY (oo} = AOO" [e e}

and similarly we can prove

Ly" oo Boo‘r oo’

(VIII-1)
2
a. lpl/za
b. So' since there are no unpaired electrons,
c. 2P3 /2’ since there is one hole in the 2P shell.
d. In this case one 2P electron has jumped into 3S state

leaving one hole in the 2P shell. Using Hund's rule we find

since there is one unpaired electron.

S=SZP+SSS=1; L=1; and J = 0.

Therefore we get 3P° .
1
e. 'S .
o

(VIII-2)
Probability density « |p|2

1

P« cos? (x/a7) -B

rem [2(52)]
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The wave function of the ground state in a potential well has
only one maximum. The wavelength is approximately 2a inside the
well. Outside the potential well, the probability density decreases

exponentially, i.e.,

P« exp(_z .].lld-_aﬁ).
2

For x=d>>a/2+ d2, the probability of finding the particle there

becomes so small that it is negligible.

(VIII-3) The spin magnetic moment of an electron is gspBS. The
angular frequency of the Larmor precession is
> gs"‘BS 2 eB

- -1
w=—x B =5 (gs—2, S_Z) ®

If the electrons change their spin directions by a large angle, say
180°, when they pass through the region between A and B, then
the electrons will not be able to get through B since the deflection
forces in A and B are in the same direction. Therefore we have

the condition

eBt . @

B~ Ewt = e

from which we find

- thc'rr - 17'6 —5 ~ 0.36 Gauss.
e 8.8x 10 x 10

The direction of the magnetic field should be either along the

direction of motion of the beam or perpendicular to the x-z plane.

(VIII-4) Most allowed transitions in atomic energy levels take place
in approximately 10“9 sec. Therefore we can assume the life time of
the 2p state of hydrogen to be of the order of 10"9 second,
According to the uncertainty principle, we have

s B 6.6 x 10716

10
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~6.6x 10 eV
where

27

p=1:05x10 -lgr - 8eC >~ ¢ 6y 10 eV - sec. (1)
1.60 x 10 "“erg/eVv

However there are two levels with n =2 and J =1/2, {i.e,, the
levels £ =0 and ¢ =1, The £ =0 state is meta-stable; therefore
its energy level can be measured much better than that in (1), while
the energy level of the ¢ =1 state is more uncertain, The energy
difference between the £ = 0 level and the ¢ =1 level is so small
that the frequency is in the microwave radio range. Since
measurements of radio frequencies can be made very accurately, it
is possible to measure the mean frequency of quanta absorbed in
transitions between these two levels or equivalently the mean energy

difference between them with great accuracy. Using the relation

E(t =1)=(E(4 =1) - E(¢ =0)) + E(¢ = 0)

we can determine the mean energy level of £ = 1 state better than

that stated in (1),

(VIII-5)

2
a a = & 5= 0.534 = 5.3 x 10" %cm.
me
52 -3 -11
b.r_ = 5 = 6.6x 10 £=6.6x10  cm.
mze
c. X =j- =3,8x% lo-ucm; Note A =—ll— =2.42 x lo-locm.
mcoc mc
d x==T _.1.4x10%cm; Note » =—2— =8.88x 10" 3cm.
m C mTrC

13

e X =D ‘9": =~ 0.44 x 10734 = 44 x 107 3cm,
,;zmnT .;2x 10 x 10
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. x J%..% =1.973 x 10”74 = 1.973 x 10" 5cm.
10
g.X = mﬁcz 10-31& = lo-ucm for muon-type neutrino with
v

mv < 1,2MeV,

and

A -1
X = m> 304 =3 x 10" 'ecm for electron-type neutrino with

~

m < 60eV,
v

h. r=1.3x 10-13cm X i?/_A and ?/—A~ 6. Therefore

r~8x 10-13cm.

(VIII-6)
a. Let P be the parity operator which reflects all coordinates

through the origin. Assuming all states have definite parity, we find

<p> =<y, py> =<Py, pPy> = <PPyY, PpPY>
-
=<y, PpPy >
- -
=<y, -py> =-<¥, py >
=-<3>, where PP =1

Therefore

<p>=0.

b. If all the eigenstates corresponding to an eigenvalue Ei
have definite and the same parity, the expectation value of the

position vector T must vanish.

(VIII-T)
a. Assuming the L-S coupling prevails for light atoms, we
find the following rules for electric dipole transition,
i. Parity must change
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fi.AL=+1, AM=+1,0

iii. aAs =0,

iv.aJ =0, +1 (but not .Ii = o-oJf = 0),
b. If we assume J-J coupling for heavy atoms we have the

following rules:

i. Only one electron jumps at a time.

ii. AT =0, +1 and for the jumping electron, Af =+ 1 and
Aj=J or +1,

iii. Parity changes.
c. In nuclei we have the restriction in the change of the nuclei

spin: AI = +1, 0. Parity must also change (but not Ii =0~ If = 0).

(VIII-8) Hyperfine structure is due to the interaction between the
nuclear magnetic dipole and the magnetic field Be produced by the
electron orbit current. The interaction energy is Hn . Be where
M, = efi/2Mc and therefore is proportional to the inverse of M.
Fine structure is due to the interaction between, Her the
electron magnetic dipole and the Coulomb field of the nucleus, ﬁ
The interaction energy is Je B where He = efi/2mc and therefore
is proportional to the inverse of m. Furthermore f: increases
with increasing Z near r = 0. If we neglect the screen effect, we

find Ex Z. Therefore we find

hfs I/M _m
fS Z/IM MZ°
(VIII-9)

[ -] n (-]

fx) = L X— =32 a
n=0 (n!) n=0

where
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a
:+1= X +0 as N4 o,

n (n+1)

Therefore f(x) converges for any finite value of x but goes to
infinity faster than any finite power of x as x approaches infinity.

b. The integral diverges, therefore f(x) is not an acceptable

solution,
(IxX-1)
P2 @pRr’
Ka = kinetic energy of alpha particle = M - 2M
a a
P2 (QBR)
KD = kinetic energy of deuteron = ZMD = 2MD

from which we find

E&=ﬁ8£=£x-23=2

KD M Q2 4" 1 °
@ <p

Therefore

K =2xK_ =32MeV.
a D

15

(IX-2) 10" gm/ cm3, which can be estimated by multiplying the

density of ordinary matter by the ratio of the atom volume to the

volume occupied by the nucleus, i.e.,
a3 ,1083 15 gm
o182 v 2 = 2) =10°E2
3 r -13
cm 10 cm
(IX-3) 4, since the Coulomb scattering is proportional to z°,

(X-4) me? =2 x 3 x 10%2 = 1.8 x 10!7 joules.

(IX-5) 6,8 eV, since the reduced mass is one half of the electrot
mass,
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(IX-6) There are six transitions, two each of three different
energies. Therefore there are three spectral lines, corresponding
to AmJ =+1, 0, and -1,

(IX-7) Using uncertainty principle we find p =fi/R. Therefore

152

T =
2R2m

(IX-8) Using the relation fic/X = 25 keV, we find X = 0.084.

(IX-9) (1/2)1/3. stce P___« )y V/3,

(Ix-10) 2.8 Hy ©r 1.4 x 10-23 erg/gauss, where My = nuclear

magneton,

1
(IX-11) So'

(IX-12) K.E. increases by a factor of a2; P.E. decreases by a

factor of @, because

2 2 2 2
K.E. = <4(a0), e L yax)> = < piam), B L yiaxp>
dx d(ax)

and
P.E. = <y(ax), Sx’y(ax)> = 5 <ylax), § x4 (ax)>
a
- ;12 <6, 3xTye>.

(IX-13)
a, The current due to the ground state electron is

ev
i *ora’ (1)

The magnetic field at the center of a loop with radius a and current
i is known to be
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uol uev -7, (1.6 x 10°19)(2.2 x 10%) _ weber
Bege 710 Sor bl L a
4ma (0.53 x 10" 19) m

1.25 x 105 gauss,

where v =ac = 2,2 x 106m/sec and a = 0,53 x lo-lom.

b. The energy difference between two states with proton spin
up and with proton spin down is

12 7

AE = 2B, = (2.5 X 10%)(3.15 x 10712 = 7.88 x 10™ eV

where My = 3,15 x lo-lzev/gauas.

C.
-1 18
_AE _7.88x10 " x3x10 - _ 9

w =¥ 1973 = 1.2 x 10 rad/sec.
(IX-14)

ac

2
n
R

For R =0, we have two positive charges at the origin.
Therefore Eo(o) should be four times the ground state energy of
hydrogen,

Eo(O) = -4(RH) = -54,4eV, (1)

For R -+ « the second proton has no effect on the electron., The

ground state for the electron is just the same as that in the hydrogen
atom. Therefore

E, @) = -R = -13.6eV, (2)

b. The total potentiai energy is
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2
V(R) = E_(R) + E'R— (3)

from which we find the equilibrium condition is

d []
-d—RV(R) = 0. (4)

Substituting (3) into (4), we get

2 dE (R)

S+ 2 - (5)

R2 dR
or

= — (6)
equ J dE _(R)
(dR )R=R
equ

Ry p—\—

—4R, P’

d, If the two protons are in low excited state, there will be two
additional energy terms corresponding to the vibrational and
rotational energy of protons:

a
Um'(n"".‘:)ﬁﬁc n=1,2, 3, ...



Solution Set of Atomic Physics and Quantum Mechanics 332

where w, can be expressed in term of V(R), mass of proton and
R__ . The rotational energy is
equ

Urota-M‘—J(J+1) J=1,23, ...

(IX-15)
a. The final energy of an electron is 37 eV. The de Broglie

wavelength is therefore,

X = 4 fic 1973
p yem \/2mcE \/1 02x10 x 37
= 0.324.
a=1A Detector

le——A=10cm

From classical optics we know the width of the central line of the

diffraction pattern is
X ~ %—A ~ 6.4 cm

over which the electron can be recorded.
b. The intensity pattern becomes the double slit interference

pattern,
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c. According to quantum mechanics, the wave function of a
single electron can interfere with itself, Therefore we should
observe the same pattern as that in b,

d. H there were such a detector and if one could select events
with the electrons passing through the first slit, the single slit
pattern would return. However, the uncertainty in the positions and
momenta of the electrons and the detectors makes the second
detector so unreliable (i.e., we can neither keep the second detector
stationary at slit one nor do we know the incoming electrons are
really parallel) that hardly any additional information can be
obtained from the second detector. The double slit pattern persists.

Refer to p. 161, Fundamental of Modern Physics, by Eisberg.

xX-1)
a, With Z = 15 and mu = 206 me we find
52 1 1, __

E3_.2 =Z R°(206)(—2- - —5), Rg = 13,6eV

2 2
88 keV.

b. The energy at which the lead K absorption edge occurs is
2 2
EK =(Z - 1) R_= (817)(13.6 eV) = 89.3 keV

The range of K X-rays therefore is 67—89,3 keV. When the y-
meson falls from the n =3 level to the n = 2 level, it emits an
X-ray which can excite one K-shell electron in the lead atom to

higher states. Therefore the absorption coefficient is quite large

for lead,
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c. Let us do the following:
i. Set up the gamma source defined in a.
ii. Put a gamma-ray detector right behind a piece of lead foil,
which serves as the absorber. We will detect a weak signal
from the source because the absorp'tion coefficient is large for

Z = 82 element as we found in b,

iii. One at a time, replace the lead foil with some other
absorbers of lower Z, i.e., Z =81, 80, 79, ..., all
absorbers should have the same radiation lengths., Try to
detect the X-ray as in part ii.

iv. Plot the observed X-ray intensity against the atomic
number Z of the corresponding absorber used. At a certain
point Z = Zl‘ we will notice a sharp increase of the observed
intensity as a function of Z, i.e., for absorbers of Z < Zl.
relatively much stronger signals are detected, while for
absorbers of Z > Z1 only weak signals are detected, We thus

obtain the relation:
K absorption edge of element Zl +1> E3_ 2 > K absorption

edge of element Zl' Here Z1 = 81,

From which we can set the upper and the lower limit of the
muon mass, i.e., 203 m, < mu < 209 me.
If the mass of the muon were much larger, then Z1 would be much
larger than 82 and such element would not be found among the known

stable elements and would not be easily available,

(X-2)
a. The energy scattered by the charge equals the energy

radiated by it. Therefore

2.2
Energy scattered % .2ea 1)

Unit time c3

w

If the electric field at the location of the charge due to the incident
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radiation is E, then

F E
a=mt-em @)

From (1) and (2) we find

4_2
% e B (3)

3m2c3

The intensity of the incident radiation is

2
I= cE {4)

4T °

The cross section op by definition is

(5)

where we have eliminated E with (3) and (4).
b. Thomson scattering is the nonrelativistic limit of Compton
scattering. They are also equal in the forward scattering when the

change in wavelength is small, i.e.,

o, = cTt’(cos 0, EY)

with (1, E << m_c?)~ 1.
c. Using the conservation laws of energy and mumentum we

find the following formula for Compton scattering:

E - Eincident (6)
scattered Einci dent

2
m c
)

(L-cosp)+1

2 2
For 9 = 90°, m c” =m." = 0.5 MeV, and Etncldent = 0.5 MeV,
we get

Eaclttere a~ 0.25 MeV,
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2
If it is scattered from a proton, m c">>E;_ ... .

chattered = Eincldent'

From (5) we see the cross section is proportional to 1/ m*

therefore
2
+e ™ 6
X___+~_122~ 4x10
Yy+p m,

when E, the energy of the gamma ray, is small,

(X-3) The energy of an oscillator with quantum number n is
E_=(n+2Mu (1)
n 2

where ® is the angular velocity. The corresponding classical

expression is

m 2m2 )

where A is the amplitude of the oscillator. From (1) and (2) we
obtain

2 _ A
A" =(2n + l)m. (3)

Substituting a = sz into

dw _2e%?

d 3 c3

we get
2,2 4 2 3

%’%e A3m =-§ew3(2n+l)ﬁ. (4)
c mc

The transition rule for an oscillator is An = + 1. When the electron
has fallen from state n into the state (n - 1), we say it is no longer
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in the n-state. Therefore the mean life is

En ) En-l

3mc3

2e20?(2n + 1)
(X-4)
a, The Schriedinger equation for a particle inside a potential

well is

2 .2 2 2
_.‘zﬁ—.—%-’-a—%'l-a—%):Ev‘
™ ax® ay° oz

Since the potential becomes infinite at the boundary, therefore
¥(x, y, z) = 0 at the boundary, The allowed values of total energy E

of one proton (or neutron) is

2.2 2.2 2
E = wﬂz(n2+n2+n:)=wﬁn
2ma x y 2ma

where n_. ny, and n, are positive integers and -a is the
dimension of the potential well, Therefore we find
dn/dE = ma?/7 % n.

b. Since the total number of protons (or neutrons) is related to

n by (n is positive and there are two spin states corresponding to

each n)

3
N (or 2) = —;-(gw'na) Xx2-= "—%’— or n? - (3‘"-_N)2/3

we find
2.2/3

Ef = 32/314/3'5-1‘—5- for a neutron (1)
2ma

and similarly
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2,2/3
£ =32/3 4/38°2 -

¢ for a proton (2)

2ma

v 3 :
c. Let A/a" =p, N/A = @, and Z/A = a. Note:
A =(N+ Z), Since p, a and o are constants, we find

3 3
N = anA =apa, and Z = apA = appa » So that

g/3

N—r = (anp)z/ 3. constant
a
2/3

Z 5 = (o p)2/3 = constant
a P

Therefore E, in {1) or (2) is a constant.
d. We have to enhance the total potential acting on the protons.

Thus the energy levels of protons are all elevated.

(X-5) If we assume the orbital angular momentum of the 3d
electron of the Ti3+ irons is totally quenched, i.e., < Lz> =0,
there is no contribution to the effective magnetic moment due to the
orbital angular momentum, (Refer to p. 629, Introduction to Solid
State Physics by Charles Kittle,) We are dealing with the normal
Zeeman effect. The energy levels are split according to different
values of m_ in the magnetic field, We get g = 2 and

. = X . - X
Nyj2 i Noyyp = ox® )« exe - Gp)
where

efiB -16
x-m-o.sax 10 " erg and N1/2(N-1/z)

is the numbher of electrons with spin parallel (antiparallel) to the
field. (Note: The spin and the magnet moment of an electron are
opposite in direction since the electron charge is negative.)
Therefore the fraction of the Ti irons with their spin parallel to the

field is
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Ny/2 1

- - 1 _
12" N-1/2 "1+ exp (-2x/kT) 1+ exp(-1,86/1,38) 0.79.

f=N

(XI-1) According to the uncertainty principle, we know that the
angular momentum J of the javelin and its corresponding angular
coordinate 6 cannot be simultaneously determined to arbitrary

degree of precision, i.e.,

_1 2 _ . :
[Ieoleo =3 mt e°e°~n where ¢ = length of javelin (1)

and Bo and éo are the possible initial angle and angular velocity of
the javelin. To estimate the order of the time it takes for the
javelin to fall over, we have to estimate the order of magnitude of

3 and eo corresponding to the best balanced position. One simple
way is to assume that the javelin is best balanced when the
uncertainty in its kinetic energy is of the same order as that in its

potential energy. Therefore we obtain

2
4742 1 2
3 °o~2m3°o‘

(I

(potential energy taken zero at balanced position) or

/!.' /.E
39,/ 3% (2)

From (1) and (2) we obtain

95“"%/% (3)
mi

and

2 31 ’ 3g
8" ~—= (4)
° mé 2

The equation of angular motion is
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mg x -z_ine. = lmgzﬂ = torque = I¥ = —tnzzU

After integration we obtain

3 ’ A 64 3
e = eo ex;(,/-é_-f-—t) = ;F/;exp< Eft) (5)

where we have used the initial condition (3)., When 6 ~ 1, the

javelin has practically fallen over. From (5) we obtain

for £ =1000cm and m =1 gm we find t~ 30 sec.
(XI1-2)
a. The energy levels of the wave are
2
E = nfw = niDk
from which we find the phase velocity of the wave is

E

]

2
_nﬁDk _ _ W
* ¥k -nDk-nDD-n-JDw

and the group velocity

dE _dKdE _1dE
UG T T T HE T E D
= 2nDk = 2n~Duw
b. According to Plank's law, the distribution of the thermal

energy is

1
P(En)¢ _E'—

e - - 1
*P KT
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from which we obtain the total energy density
® 2

4k~ dk

u _fo E_P(E )=

where 4rk2dk/ﬁ3 is the density of the states, Therefore

) ) 4
" =nﬁDf0 e 1 - )41rgk . 411121Df0 k_dk _—
ex-nﬁ---lqzl A ex l-l‘ﬁm‘-l
P7RT PXT
_4mD kT ,5/2,
ﬁ2 nhD
where
=f“ x4dx
0 exp (x2) -1

/2

is a constant. Therefore u« T5 .

XI1-3)

M4

a. The wave function is a function of the space coordinates x,

y, 2z and the time t which describes a system in such a way that

i, it is an amplitude so that it can interfere with itself;

ii. the absolute square of the wave function is proportional

to the probability distribution of the system being described;

iii. it describes a single particle (photon, electron, etc.)
rather than the statistical distribution of a large number of

such quanta.
b L]

2
IJ' = lJll - Ilet IJI' - 'le +1, ... lJl' + ,le

- -+
J=31+J

where we have assumed IJII > |J2|.
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C.

Aj=0, +1 (butno j =0+ j=0)

AL = +1

Am = +1, 0.

d. The commutator [G, F] = GF - FG = 0.

(X1-4) Using the uncertainty principle, we find the momentum of a

nucleon confined in a distance Ax is of the order of

10-27
3x 10 13

AP~£~ ~ 3 x lo-lsdyne-sec

Ax

where Ax = radius of carbon nucleus = 3 x 10-13cm, from which we
find the kinetic energy of the ground state is:

3 ~ T MeV,

Lep?

2m 2(Ax) " m
The mean energy is expected to be somewhat larger. Alternatively,
we can use the expression for the mean nucleon energy according to
the Fermi statistics in the case that kT << €5 (See X-4 for

derivation of ¢ f..)

2

ces 3¢ 3 3?32  a’ie 23
€ 5t " sem" v 52m '4m 3  10-13)3
3
-11,2
_3x (1,973 %107 ) % 12,16 _ o0

9380 x (10 3)2 x 9

(XI-5) Number of He formed per second equals
4 x 1026
26 x 1.6 x 10~

38 atoms
13~ 10 sec °

(XI-8) The energy of K X-ray for copper is 13,6 x (29 - 1)2eV or
10.6KeV, ' .
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(X1-7) Using the 4-momenta equation
Py ¥ Py = Pp
where Py is the momentum of the final particles, we find the
relation

2
c

[ J

m2c2 - 2m
2 2 .22 _ _f
2mec + ZmeEe = mfc or = Ee = 2me

The minimum incident energy for the production of an e+, e pair
corresponds to the case m, = 4me. Therefore Ee = 7mec2 or the

threshold kinetic energy ~» 3MeV,

(X1-8) Since the potential energy of the system is minimum when the
magnetic dipoles of the unpaired electrons are in the same direction,
the spins of the electrons in the n = 3 states tend to line up.
Therefore S = (1/2)(6 - 2) = 2, Furthermore L =2 and J = 4

according to Hund's rule, We obtain 5D4, i.e.,
(182 282 2p% 362 3p° 442 345).

(X1-9) The splitting between the two energy levels is

A =1ls B=2eﬁB g =B __i__B_=l.76x107x104
V = he hdrme S8 2rmec  mc 27 6.28

=3 x lolo/sec.

XI1-10)

a. A, because AEI = <t°. H1v°> >0 for a‘positive function
Hl'

b. A, because AE:1 = <¢1. Hltl> > 0.

c. D, because AEl = <t°. H1t°>- = 0 for an odd function of
Hl‘ but the second-order perturbation term

|<4g Hyp,> |2
AEp*—%_-¥, <O

o 1
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X11-1)

a. Substituting x = (x, - x,), R = (xl ¢ !2)- Ll 8 and
u = M/2 into the usual Schrdedinger equation for two particles of
coordinates x, and x_, we obtain the equation corresponding to

1 2
the relative motion

2 2
A° d° 1. 2.
H'x. (-_.._2.4.51(; )'x-E'

x

where |1 is the reduced mass. After differentiation we find

- 262 A g Ly - my
2u 2u 2 x

or

2V, - By

from which we obtain

Ny _,k [x
E = ;:h- zu-h-mh

b. Let y2 =Juk xz/‘h. Since the wave function of the ground
state is

Yy = j% exp(-yz/ 2), we find:

h
1

<P>= <y, T EV /<N v > |

- 2 2.1/4
P - A TP s QU
0 NES NE
_Nhauk
Jr
since
L) _yz 'f. -z
foe (@ydy) = [ e™%az = 1,
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and
® 2
fo e dy =?; and % = ("‘—1;7)1/4.
1

c. Let y(p) be the wave function in momentum space. ¥(p)

is related to v by Fourier transformation

_r ipx/fi __ 2
t(P)-foe o ax

where a =Wpk/2K. We find
® ip .2 i
¥p) = J exp - (atx + 20% + atzPy?)ax
-pz
= exp 3
M a

2

exp (- £—)
R ¥
The probability of p < /‘li-JZMk =p is
Po

prob = [0 v2@iap/ [ v prap

%

2 -
N fo e dq = erf(qo)

where erf(qo) is the error function. Using

P nvEME _ \[/m Wiz
%o JanJ— Vandpx V2o Jz./;'

we find prob = érf(1) = 0. 84,

XI1-2)
a. Let
. ikr
ot o 80 4 0
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we find
r
z A d .k
Jne "Y' 0" "M Im&'in” " m

or if we define y, _ antisymmetric with respectto ¥, ~and -'-in'

we get
Jim: 2im “in(g—z L*in).in
21 A e ikz ikz x (ik) - e—ikzeikz x (-ik))
Ak
- i @30 = 2.
and
A
Jsc:at 2im ('out ar out ‘a_ out out
-ikr ikr
H * _.e e
=t (O S—ikf(e) =)
Bk [r6)] 2

m r

b. From the definition of the differential cross section, it
follows that

er
do(®) _ scat _

@ Jlnc

= 1)) 2.

(X11-3) At 5.5, 6.25, 6.5, 6.75, 7.5; to locate the positions of the
peak and the valley of the spectrum as well as where the transition
takes place. The asymptotic value, i.e.,, E >> 13 is also of
interest. If the calculation of ¢ from raw data is simple, we can
take three measurements at E1 = 5.5, E2 = 6,5, and E3 =7.5 at
first, and then use the new data to determine the positions of the
next two measurements. The idea is to take more data around where
the data deviates from a smooth curve. For example, if a(Ei) is
considerably different from (o(E, + 0.5) + o(E, - 0.5))/2, where
i=1, or 2, or 3, then we should take data at E, +0.25,
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(XII-4) Assuming a Gaussian distribution, we find the probability for
detecting n counts is

2
1 (n - N)

P(n) = ——F= exp (- =)
nrms ar 2nrms

where Noms is the root mean square of the fluctuation in n, and N
is the mean counting.

For N>>1, wehave n_ ~~N. The probability for
n< 9700 is

9700 2
1 (n - N)
P = _—-_——f exp (- _._)dn
n Jer 0 2n2
rms rms

X
o
1 2
~ =J_ exp (-x*yax ~ 0.0015

wvhere

c=_A-N _n-10000
Zn 141.4
rms

and

9700 - N _ -300 _
X T2 n =Tar.a - 213
rms

(XI11-5) The probability of decay at time t is

Pt) = %e-t/ T = % x (the probability for the atom to survive after t)

*

where 1 is given to be ten days. The probability that the atom will
decay during the fifth day is

5 5
p =], Ptiat -11; Y Ta
T

-0.4

= (e %% _¢%5 . (0.670 - 0.606)
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(XI1I-6) Since the neutron has to be very energetic, its speed must be
very close to c. The time t, it takes for the neutron to.reach the
earth is approximately 10 years or T x 108 seconds, From the
condition that half of them survive at the end of the trip, we find the
time passed for the trip measured in a frame moving with the neutron
has to equal the half-life time of the neutron, i.e., to = 12 minutes.
Using the relation

where t is the time measured on earth, we find

_ 2, _t 2
En-y(mnc )-toxmnc

szxlg'o X my o® = (4.4 x 105)mn°2 = (4.4 x 10°)(940 MeV)

~4x 108 MeV.

(XII-7) Let LA be the relative angular momentum of the two pions.
The parity of the system is (-l)L. Bose statistics requires the two
pions to be in an even state, thus L is even for spinless particles

like pions, Therefore SK =L = even,

(XIII-8) On the corners of

(a) an equilateral triangle with each side =~3 R

(b) a regular tetrahedron with each side = .J% R

It is because in these configurations, the charges are separated
by the greatest distances, yet are symmetric under the interchange

of any two charges,

(XII-9)
2 -10,2
Zze” _ 90 x 2 x (4.8x 10 ")
=- L 5~ 30 MeV

1.3 x 10 x 6x1,6x10
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where R= 3238 (1.3 x 10 ¥cm) 2 6 x 1.3 x 10 Pem.

(XII-10) From the force equation GMm/ 1‘2 = mvzlr, we get

GM = vzr.

Furthermore using the Bohr quantum condition rmv = ofi, we get

v =—

mr
Thus
2.2
.2 _nh2 nh
GM-vr-[mr] ==
mr
and

r.-."‘z‘nz = ‘hz S r'“—2]=—1 [e2a1=_L7_(e m)za if n=1
GMm2 GMm2 GMm m GMm [ (GM/m) o

4.8 x 107102

¢ )
9.1x 1028
©6.7x 10 S x 1840

2, 2
a=a e /m =a
o GM/m

0

0,24 x 104 X a°~ 1.2 x 1031cm.

where a_ = 5 x 10'9cm.
(XI11-11) 1/Z.
(X11-12) n=3, £ =1, andn =2, g =1,
(X11-13)
4
T 2(24 +1) = 50,
£2=0

(X11-14) Since the wave function of a fermion-antifermion system
must be antisymmetric according to Fermi statistics, we find the
following condition
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(-1)”54'1 = -1 or ¢ +8 =even (See problem VII-3)

must hold. For ¢ =1, s =1, i.e., the spins of the electron and
the positron are in the same direction. Since the charges of an
electron and a positron are of opposite sign, it follows that the

magnetic momenta are antiparallel and the resultant is zero,

(XII-15) +1/2; +1/2; +1/2; 3/4.

e

B.
mc

(XI1-16) +
(XII-17) p = mc/2.

(XII-18) hv >> ¢r2mec2 where the binding energy is

1/2 azmecz = 13.6 eV,

(XII-19) ¢ = 1 in gquantum mechanics, which is the least symmetric
state; £ = 0 in semiciassical mechanics (e.g., in Sommerfeld's
model), which describes a circular orbit. In classical mechanics
we know the angular momentum f=r X 3 is maximum when

i: i i", i.c., for a circular motion,

(X11-20) 4 x 13,6 eV,

(XII-21) Compton scattering and photoelectric effect.



APPENDIX

Table I Some Useful Physical Constants

N = 6.02217 x 102 mote”!
? -10 -19

e =4,8033 x 10 " esu =1,6022 x 10 ~ coulomb
1 MeV = 1,6022 x 1o'6erg
1 = 6.5822 x 10" 22MeV-sec

=1,05459 x 10-27erg-sec
Xc =1.973 x 10" 1 MeV-cm = 1973 ev A
a - 2 /#ic = 1/137. 036

-16 -1

K o1tzmann = 1,3806 x 1?11 erg-x_1

= 8,617 x 10 = MeV-K
me = 0,511 MeV
m = 938,26 MeV = 1836.1 m_

-1

= efi/2m c = 0.57884 x 10-14 MeV-gauss
“Bohr e -18 -1
Mpucleon = efi/ 2mpc =3,1525 x 10 © MeV-gauss

Acceleration by gravity = 98Q. 62 cm-sec™2 at sea level, 45°

Gravitational constant = 6,6732 x lo'scn'xs-g'l-seor:'2
1 calorie = 4,184 joules
1 atmosphere = 1033, 2275 gm-cm ">



Table II Conversion Table between mks and Gaussian units

Physical Quantity
Length

Mass
Time
Force
Work
Energy
Power

Charge
Charge density

Current

Current density
Electric field

Potential
Polarization

Displacement

Conductivity
Resistance
Capacitance
Magnetic flux

Symbol Rationalized mks Gaussian

L, 4dr

of

< R Ey -y

4 A W 9

1 meter (m)

1 kilogram (kg)
1 second (sec)

1 newton
1 joule

1 watt
1 coulomb (coul)

1 coul m.3

1 ampere (coul
-1
sec )
-2
1 amp m

1 volt m™}

1 volt

1 coul m-2

1 coul m~

1 mho m~
1 ohm

1 farad

1 weber

352

1.02 centimeters
(cm)

103 grams (gm)

1 second (sec)

105 dynes

107 ergs

107 ergs-sec-

3 x 109 statcoulombs

3 x 103 statcoul-
cm-3

3 x 109 statamperes

3 x 105 sts.tamp-cm-2

Ly 10 statvoit-
3 -1
cm
1
300 statvolt
3 x 10 statcoul-
cm'2
(statvolt
-1
cm )

127 x 105 statvolt-
cm-l
(statcoul-

-2
cm )

9 x 10? sec!

1, 107! gec-em™!

97 11

9x 100" cm

108 gauu-cmz or

maxwells



Physical Quantity Symbol

Magnetic induction B

Magnetic field

Magnetization

Inductance

H

M

L

Rationalized mks

1 weber m"2

1 ampere-turn
m 1

1 weber m-2

1 henry

Gaussian
104 gauss

4T x 10.3 oersted

1 4
s x 10" gauss
11

1 -
-9-)(10
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